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Abstract. A lattice system of interacting temperature loops, which is used in 
the Euclidean approach to describe equilibrium thermodynamic properties of 
an infinite system of interacting quantum particles performing ^-dimensional 
anharmonic oscillations (quantum anharmonic crystal), is considered. For this 
system, it is proven that: (a) the set of tempered Gibbs measures Q l is non- 
void and weakly compact; (b) every fi G Q t obeys an exponential integrability 
estimate, the same for the whole set G t ; (c) every fi G Q t has a Lebowitz- 
Presutti type support; (d) Q % is a singleton at high temperatures. In the case 
of attractive interaction and v = 1 we prove that at low temperatures the 
system undergoes a phase transition, i.e., 15*1 > 1. The uniqueness of Gibbs 
measures due to strong quantum effects (strong diffusivity) and at a nonzero 
external field are also proven in this case. Thereby, a complete description 
of the properties of the set Q t has been done, which essentially extends and 
refines the results obtained so far for models of this type. 
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1. Introduction 

Concepts and methods of probability theory constitute an important part of 
the mathematical background of statistical mechanics (quantum and classical) . A 
special connection between quantum statistical mechanics and probability theory 
arises from the fact that the imaginary time evolution of quantum systems, respon- 
sible for its thermodynamics, can be described in terms of stochastic processes 1 . 
The research presented in this article is intended to contribute to the mathematical 
theory of quantum anharmonic crystals based on the properties of the correspond- 
ing stochastic processes. Quantum anharmonic crystals are the models describing 
structural phase transitions in ionic crystals triggered by ordering of interacting 
localized light quantum particles. Each such particle moves in a crystalline field 
created by steady heavy ions, which has at least two minima. These minima cor- 
respond to different equilibrium phases in which the system may exist at the same 
values of the parameters determining its macroscopic properties, e.g., temperature. 
A mathematical model of the particle mentioned is the quantum anharmonic oscil- 
lator with the multiple minima of the potential energy. The quantum anharmonic 
crystal itself is a countable set of interacting quantum anharmonic oscillators la- 
beled by the elements of a crystalline lattice L. 

A complete description of the equilibrium thermodynamic properties of infinite 
particle systems may be made by constructing their Gibbs states at a given temper- 
ature and given values of the model parameters. Then the phase transition occurs 
if the set of such states consists of more than one element. Gibbs states of quan- 
tum models are defined as positive normalized functionals on proper algebras of 
observables satisfying the Kubo-Martin-Schwinger (KMS) conditions, see (201 • But 
for the quantum anharmonic crystal, this method does not work since the KMS 
conditions cannot be formulated for the model as a whole (see the corresponding 
discussion in An alternative way of constructing the Gibbs states of models of 
this type was initiated in Q] [321 [32]. It uses the fact that the Schrodinger operators, 
iTs, of finite systems of quantum particles generate stochastic processes. Then the 
description of the Gibbs states of such systems, based on the properties of the semi- 
groups exp(— tH), t > 0, is translated into 'a probabilistic language', which opens 
the possibility to apply here various techniques from this domain. In this language 
the model we consider is a spin lattice over L = Z d , d € N, with the single-spin 
spaces equal to the space of i/-dimensional continuous loops veN, indexed by [0, /?], 
(i^ 1 = T > being absolute temperature. Each single-spin space is equipped with 
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the path measure of the /3-periodic Ornstcin-Uhlenbeck process, corresponding to 
the harmonic part of the Schrodinger operator of a single oscillator, multiplied by a 
density determined by the anharmonic term by the Feynman-Kac formula. Finite 
subsystems are described by conditional probability measures, which through the 
Dobrushin-Lanford-Ruelle (DLR) formalism 32 , 65J determine the set of Euclidean 
Gibbs measures G t '. This approach in the theory of Gibbs states of quantum models 
is called Euclidean due to its conceptual analogy with the Euclidean quantum field 
theory, see |33l I71| . An extended presentation of this approach may be found in 
01 El EH ^2- Among the achievements of the Euclidean approach one can mention 
the settlement in El El El EH of a long standing problem of understanding the role 
of quantum effects in structural phase transitions in quantum anharmonic crystals, 
first discussed in jSHJ, see also [6~4l 1751 ITrij . 

This article presents a detailed mathematical theory of the quantum anharmonic 
crystal. We consider a very general version of this model and give the most complete 
description of the set of its Euclidean Gibbs states. These results are obtained by 
means of a technique based on probabilistic methods, which we develop in the 
article. Our technique may be applied to other models of this type describing 
interesting physical phenomena, such as strong electron-electron correlations caused 
by the interaction of electrons with vibrating ions |2H1 EH] ° r effects connected 
with the interaction of vibrating quantum particles with a radiation (photon) field 
|35H37ll5D) . We believe it can also find applications outside of mathematical physics. 

In Section El we introduce the object of our study - a system of interacting 
quantum oscillators, finite subsystems of which are described by their Schrodinger 
operators. We do not suppose that the system is translation invariant or that 
the inter-particle interaction has finite range. In this section we also introduce the 
spaces of temperature loops and the probability measures on these spaces describing 
the stochastic processes generated by the corresponding Schrodinger operators. By 
means of such measures we define the set of tempered Gibbs measures Q t as the 
set of probability measures on the loop spaces which obey the DLR condition. 
A preliminary study of the elements of Q t is also performed in Section El At 
the very end of this section we give a brief overview of the basic elements of the 
Euclidean approach in which infinite systems of quantum particles are described 
as systems of interacting diffusion processes. In Section El we formulate the results 
of the paper, which fall into two groups. The first one consists of Theorems 13.11 
- 13.41 They describe the general case where the inter-particle and self-interaction 
potentials obey natural stability conditions only. Theorem 13.11 states that the set 
Q t is non-void and weakly compact. Theorem 13.21 gives an exponential integrability 
estimate for the elements of Q t . According to Theorem 13.31 the support of the 
elements of G t is of the same type as the one obtained in |17l 154] for systems of 
classical unbounded spins. We call it a Lebowitz-Presutti support. Theorem 13.41 
gives a sufficient condition for Q t to be a singleton formulated as an upper bound 
for the inverse temperature (i.e., high temperature uniqueness). The second group 
of theorems describe the case where the inter-particle interaction is attractive and 
v = 1, i.e., the oscillations of quantum particles and hence the temperature loops 
are one-dimensional. In this case one can set an order on Q t - the FKG order, 
see |65) . Theorem 13.51 states that Q t has unique maximal and minimal elements 
with respect to this order and describes a number of properties of these elements. 
Theorem 13.61 gives a sufficient condition for the existence of phase transitions, i.e., 
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for |(/*| > 1. Theorem 13.71 describes the so called quantum stabilization, which 
may also be interpreted as a stabilization of the system of interacting diffusions by 
large diffusion intensity. The stabilization means that 10*1 = 1 at all temperatures. 
It holds under the condition which involves the inter-particle interaction intensity 
and the spectral parameters of the Schrodinger operator of a single anharmonic 
oscillator. On a certain example we compare the conditions which guarantee the 
phase transition to occur with those of quantum stabilization. Finally, Theorem l3.8l 
states that £/' is a singleton at nonzero values of the external field. It holds under 
certain additional conditions imposed on the model. Extended comments on these 
theorems, which include comparison with the results known for similar models, 
conclude Sectional The main technical resources for proving the above theorems 
are developed in Section 0J They are based on moment estimates for conditional 
local Gibbs measures (these measures define the Euclidean Gibbs measures through 
the DLR equation) . The proof of Theorems 13.11 - 13.41 is performed in Section [5] 
Theorems 13.51 13.61 and 13.71 are proven in Section [BJ The proof is mainly based on 
correlation inequalities, taken from 0] and presented at the beginning of the section. 
By means of these inequalities we compare our model with two reference models. 
One of them is translation invariant and with nearest-neighbor interactions. It 
is more stable than our model. We prove that this reference model undergoes a 
phase transition, which implies the same for the model considered and hence proves 
Theorem 13.61 Another reference model is less stable than the one we consider but 
is more regular in a certain sense. We prove that this reference model is stabilized 
by strong quantum effects, which implies the stabilization for our model and hence 
proves Theorem 13.71 Section is devoted to the proof of Theorem 13.81 Here we 
employ analytic methods based on the Lee- Yang property of the version of our 
model studied in this section. 



2. DLR Formalism for Euclidean Gibbs Measures 

The infinite system we consider is defined on the lattice L = Z d , del. Subsets 
of L are denoted by A. As usual, |A| stands for the cardinality of A and A c - for 
its complement L \ A. We write A <e L if A is non-void and finite. By C we denote 
a cofinal (ordered by inclusion and exhausting the lattice) sequence of subsets of 
L. Limits taken along such C are denoted by lini£. We write limA/TL if the limit 
is taken along an unspecified sequence of this type. If we say that something holds 
for all £, we mean that it holds for all £ £ L; expressions like J^e mean X^gL- By 
(•, •) and | • |, we denote the scalar product and norm in all Euclidean spaces like 
M", M. d , ect; No will stand for the set of nonnegative integers. 

2.1. Loop spaces. Temperature loops are continuous functions defined on the 
interval [0,/3], taking equal values at the endpoints. Here /3 _1 = T > is absolute 
temperature. One can consider the loops as functions on the circle Sp = [0, /3] being 
a compact Riemannian manifold with Lebesgue measure dr and distance 

(2.1) \t-t% = min{|r-r'|; 0-\ T -r'\}, r, r' G Sp. 

As single-spin spaces at a given i, we use the standard Banach spaces 

c p = c(Sp^m. v ), c% = c a {Sp — > m"), (7 6(0,1), 
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of all continuous and Holder-continuous functions toe : Sp — > respectively, which 
are equipped with the supremum norm Iw^jca and with the Holder norm 

to o\ II II |^(t) -ujj{r')\ 
( 2 - 2 ) \ui\c° B = \ui\Cp + sup ; — . 

Along with them we also use the real Hilbert space Lg = L 2 (Sp — > M?,<1t), the 
inner product and norm of which are denoted by (•, >)^2 and | • | £ a respectively. By 
B(Cp), B(L 2 p) we denote the corresponding Borel cr-algebras. In a standard way 
one defines dense continuous embeddings Cp <-> Cp <^-> L 2 , that by the Kuratowski 
theorem, page 21 of yields 

(2.3) CpeB{L}) and B(C ) = B(L%) n C/j. 

The space of Holder- continuous functions is not separable, however, as a subset 
of C/3 or Lg, it is measurable (page 278 of jH]). Given A C L, we set 

(2.4) A = {uj a = (^)f £ A | ^£ G Cp}, ft = H h = {u = (uJi)e<Eh | w£ g Cp}. 

These loop spaces are equipped with the product topology and with the Borel 
cr-algebras B(Q A ). Thereby, each fl A is a Polish space; its elements are called con- 
figurations in A. In particular, Q is the configuration space for the whole system. 
For A C A', one can decompose u>a' = W A x w A'\Aj which defines the embedding 
J?A ^ ^A 1 by identifying uj a G J?a with wa X Oa'\a G J?a'- By V(f}\) and V(Q) we 
denote the sets of all probability measures on (Q A ,B{Q A )) and {Q,B{Q)) respec- 
tively. 

2.2. Quantum oscillators and stochastic processes. A ^-dimensional quan- 
tum harmonic oscillator of mass m > and rigidity a > is described by its 
Schrodinger operator 

(2-5) Hr=~y:\^\ +|n 2 , 

acting in the complex Hilbert space L 2 (W). The operator semigroup exp(— tH^), 
t G [0,/3], defines a Gaussian /3-periodic Markov process, called periodic Ornstein- 
Uhlcnbeck velocity process, see In quantum statistical mechanics it first ap- 
peared in R. H0egh-Krohn's paper The canonical realization of this process 
on (Cp,B(Cp)) is described by the path measure which one introduces as follows. 
In L 2 B we define the following self-adjoint (Laplace-Beltrami type) operator 

(2.6) A = (-™>-^2 + a) ® I, 

where I is the identity operator in and m, a are as in (|2.5p . Its spectrum 
consisting of the eigenvalues 

(2.7) A fc = m(2vrfc//3) 2 + a, fc G Z. 
As the inverse A -1 is of trace class, the Fourier transform 




(2.8) j^exp[i(^i;) £ »]x(di;)=eB^|-i(A-V,0)L»}, G L 
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defines a Gaussian measure \ on {^^{LV)). Employing the eigenvalues (|2.7(l one 
can show (by Kolmogorov's lemma, page 43 of [72]) that 

(2.9) x{Cp) = 1, for all a € (0, 1/2). 

Then x(C/3) = 1 and by 1)2.3(1 we can redefine \ as a probability measure on 
(Cfj, B(Cp)). An account of the properties of x ma y be found in 0]. By Fernique's 
theorem (Theorem 1.3.24 in [22) the support property 1(2.9(1 yields the following 

Proposition 2.1. For every a £ (0, 1/2), there exists A CT > such that 

(2.10) exp (\ a \v\c°) X(dv) < oo. 

Given A <e L, the system of interacting anharmonic oscillators located in A is 
described by the Schrodinger operator 

(2.11) H\ = £ [fl?" + V*(a*)] ~\ Jw^i^t') 



1 " / d \ 

ieA F i \ ox i J 



In the latter formula the first term is the kinetic energy; the potential energy is 

(2.12) W A (x A )=~ Ju>(xe,x e ,) + J2 [(a/2)\x e \ 2 + V e (x e )] . 

The self-interaction potentials Vi and the dynamical matrix (J«')lxl with the 
entries 

(2.13) J u = 0, J u > = Jfi G K, I, I' e L, 
are subject to the following 

Assumption 2.2. All Vi : W — > M are continuous and such that Ve(0) = 0; i/iere 
ea;zs£ r > 1, Ay > 0, -By G R, and a continuous function V : K' y — ► M, V(0) = 0, 
such that for all £ and x € W , 

(2.14) Ay|a;| 2r + By < VS(ar) < V(x). 
We also assume that 

(2.15) J d = supV^ | J U '\ < oo. 

i V 

The lower bound in (|2.14|) is responsible for confining each particle in the vicinity 
of its equilibrium position. The upper bound is to guarantee that the oscillations 
of the particles located far from the origin are not suppressed. An example of Vi 
to bear in mind is the polynomial 



(2.16) Ve(x) =J2 b i \ x \ 2s ~ b\ s) eR, r > 2, 

s=l 

in which h € is an external field an 
such that both estimates ((2.14(1 hold. 



(s) 

in which h G M." is an external field and the coefficients b\ vary in certain intervals, 
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Under Assumption 12 . 21 Ha is a self-adjoint below bounded operator in L 2 (W^) 
having discrete spectrum. It generates a positivity preserving semigroup, such that 

(2.17) trace [exp(— t/Za)] < oo, for all r > 0. 

Thus, for every (3 > 0, one can define the associated stationary /3-periodic Markov 
process possessing a canonical realization on (0^,3(0^)). It is described by the 
measure fi\ E V(f}\) which marginal distributions are given by the integral kernels 
of the operators exp(— tH\), t G [0,f3]. This means that 

(2.18) tTa,ce[F 1 e- ( - T2 - T ^ HA F 2 e- ( - T3 ~ T2)HA ■ ■ • ^„ e - (T "+ 1 - T " )HA ]/trace[ e - /3HA ] 




-Fi(wa(ti) ' ' ' F n (uj A (T n ))n A (du) A ), 



for all Fi, ... , F n G L°°(R^ A \), n G N and n, . . . ,r n G Sp such that n < ■■■ < 
r n < [3, T n +i = Ti + 0. And vice verse, the representation H2.18|l uniquely, up 
to equivalence, defines H\ (see HU). By means of the Feynman-Kac formula the 
measure /i\ is obtained as a Gibbs modification 

(2.19) /i A (dw A ) = exp{-/ A (wA)}XA(dwA)/2'A, 
of the 'free measure' 

(2.20) X A(d^ A ) = n^( d ^)- 

^eA 

Here 

1 [ p 

(2.21) /a(wa)= - g X/ Ju'ivt'Ut^L* +22 / V«(^(r))dT 

is the energy functional describing the system of interacting loops W(, < £ A, whereas 

(2.22) Z A = I exp{-/ A (wA)}xA(dt i ;A), 

Jn A 

is the partition function. The measure /iA will be called a local Gibbs measure, 
where local means corresponding to a A <s L. Further details on the relations 
between stochastic processes and systems of quantum oscillators are given in sub- 
section 2.5. 

Thereby, our system of interacting anharmonic oscillators is described by the 
Schrodinger operators H2.11JI . defined for all A g L, or equivalently by the path 
measures (|2.19|l . They involve the parameters of the harmonic oscillator m, a, 
the self-interaction potentials Vt, and the dynamical matrix (J«')lxl subject to 
Assumption 12. 21 We refer to these objects, both the Schrodinger operators and 
the measures /iA, as to the model we consider. Its particular cases are indicated by 
the following 

Definition 2.3. The model is ferromagnetic if Jw > for all t, £' . The interaction 
has finite range if there exists R > such that Jw = whenever \£ — £'\ exceeds this 
R. The model is translation invariant ifVi = V for alii, and the matrix (J«<)lxL 
is invariant under translations of the lattice. 
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If Vi = for all £, the model is known as a quantum harmonic crystal. It is stable 
if Jo < a; in this case the set of Gibbs measures is always a singleton. Unstable 
harmonic crystals, i.e., the ones with Jo > a, have no Gibbs states at all, see |44| . 

2.3. Tempered configurations. Above we have translated the description of fi- 
nite systems of quantum oscillators into the language of probability measures on the 
loop spaces A <g L. In order to construct the Gibbs measures corresponding to 
the whole infinite system we use the Dobrushin-Lanford-Ruclle (DLR) approach, 
based on local conditional distributions. This approach is standard for classical 
(non-quantum) statistical mechanics, see the books [221 EH]- However, in our case 
the single-spin spaces are infinite-dimensional and hence their topological proper- 
ties are much richer. This fact manifests itself in a more sophisticated structure of 
the DLR technique we develop here. 

To go further we have to define functions on loop spaces J?a with infinite A, 
including the space Q itself. Among others, we will need the energy functional 
J\(-|£) describing the interaction of the loops inside A d L between themselves and 
with a configuration £ 6 fl fixed outside of A. In accordance with l|2.11|l it is 

(2.23) J A (w|f) = J A (w A ) - J U'( u t>&)z.}, 

ieA, e'eA" 

where I a is defined by (|2.21() . Recall that lo — loa'x wa^; hence, 

(2.24) J A (w|f) = I A (w A x A c|0 A x U->)- 

Clearly, the second term in (|2.23|) makes sense for all £ € Q only if the interaction 
has finite range. Otherwise, one has to restrict £ to a subset of J7, naturally defined 
by the condition 

(2.25) WeL: ^ | J u ,\ ■ \{u t &) L *\ < oo, 

£' 

that can be rewritten in terms of growth restrictions on \ L 2 determined by 
the decay of Jw (c.f, l|2.15|l ). Configurations obeying such restrictions are called 
tempered. In one or another way tempered configurations always appear in the 
theory of system of unbounded spins, see ^1 1^ 02] HH] • To define them we use 
weights. 

Definition 2.4. Weights are the maps w a : L x L — * (0, +oo), indexed by 

(2.26) a€l=(a,a), < a < a < +oo, 
which satisfy the conditions: 

(a) for any a£l and £, w a (£,£) = 1; for any a € I and ^1,^2,^3, 

(2.27) w a (£i,£2) ■ Wa{£2,£^) < w a (£-L,£s) (triangle inequality), 

(b) for any a, a' S T, such that a < a' , and arbitrary £,£' , 

(2.28) w a > (£,£') <w a (£,£'), lim w a , (£,£') /w a (£, £')= 0. 

\e-e'\^>+oc 

The concrete choice of w a depends on the decay of Jw . Here we distinguish two 
typical cases. In the first one 

(2.29) sup> I Ju'\ ■ exp (a\£ — t'\) < 00, for a certain a > 0. 

« (i 
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Then by a we denote the supremum of a obeying (|2.29|> and set 
(2.30) w a {£,£') =exp(-a\£-£'\), a6l=(0,a). 



In the second case (|2.29|l does not hold for any positive a. Instead, we suppose 
that 

(2.31) supV \J U '\ ■ (l + \£-£'\) ad < oo, 

i V 

for a certain a > 1. Then a is set to be the supremum of a obeying (|2.31() and 

(2.32) w a (£,£') = (l + e\£-£'\y ad , 1 = (l,a), 

where the parameter e > will be chosen later. If \ Ju'\ < J(l + \£ — £'\)~ d f , 
7 > 0, then a = j/d, which implies 7 > d. Thus, our construction does not cover 
an interesting case of 7 G (0, d], which will be done in a separate work. In both 
cases we have the following properties of the weights. 

Proposition 2.5. For all a El, 

(2.33) sup Vlog(l + |£ -£'\)-w a (£,£') < 00; 

(2.34) J a d = sup V \j u ,\ ■ Mej'T 1 < 00. 

t v 

Given q = (qe)eeL S K L and a El, we set 

k\mw a ) = y2\qe\w a (Q,£), \q\i°°(w a ) = sup{\q e \w a (0,£)} , 
— p 

and introduce the Banach spaces 

(2.35) P{w a ) = { ? £l L I \q\iP (Wa) <oo}, p=l,+oo. 

Remark 2.6. By (j2.28(l . for a < a', the embedding Z 1 (iu Q ,) V-{w a ') is compact. 
By Q2.34[l . for every a G 2, the operator q 1— » Jq, defined as {Jq)i = J2e> Jwqt', is 
bounded in both l p (w a ), p = 1, +00. Its norm does not exceed J Q . 

For a£l, let us consider 

1/2 

< 00 



(2.36) ft Q = G ft 
and endow this set with the metric 



clef 



(2.37) p a (u,w') = \\u-w'\\ a + ^22 



£Ni.1l/a(0,*) 



1 + - w^c^ ' 



which turns Q a into a Polish space. Then the set of tempered configurations is 
defined to be 

(2.38) ft* = P| Q a . 

Equipped with the projective limit topology ft' becomes a Polish space as well. For 
any a G T, we have continuous dense embeddings ft* °- > ft Q =— > ft. Then by the 
Kuratowski theorem it follows that ft a , ft* G B(ft) and the Borel tr-algebras of all 
these Polish spaces coincide with the ones induced on them by B(ft). Now we are 
at a position to complete the definition of the function l|2.23|l . 
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Lemma 2.7. For every a£l and AgL, the map fl a x Q a 3 > 7a(w|£) is 

continuous. Furthermore, for every ball B a {R) — {u> € J? a | p a (0,u;) < i? > 0, 
it follows that 

(2.39) inf /a(w|0 > -oo, sup |IaM0I < +°°- 

uen, ieB a (R) u.,^B a (R) 

Proof. As the functions Vg : W — ► R are continuous, the map (w, £) i— > Ia( w a) is 
continuous and locally bounded. Furthermore, 



7~1 Ju'(wi,C 



!£A, £'eA<= 



£gA, £'eA c 

=x>/u»Mo,*)]- i/a 

^eA 

x X |j^|K(o^)/^(o,0] 1/2 -I^U|[^(o,0] 1/2 



'eA<= 



< 



/2 



ceA 



'eA<= 



(2.40) < ^iicjiuiieiu^Kco^)]- 1 , 



«SA 



where we used the triangle inequality H2.27[l . This yields the continuity stated and 
the upper bound in Ij2.39|l . To prove the lower bound we employ the super-quadratic 
growth of Vi assumed in (|2.14l) . Then for any xt > and a E X, one finds C > 
such that for any us E Q and ( £ 13', 

(2.41) JaHO > Bv/3|A| + Av/3 1 - r 5^|w^-i £ Jw{^v)v p 

Jit>(uJi,&) L 2>-C\A\ + xY,\ui\l2 
£eA, t'£A c leA 

- J a U\\l^2 w »(o,e). 

feA 

To get the latter estimate we used the Minkowski inequality. □ 
Now for A <£ L and £ € J?*, we introduce the partition function (c.f., (|2.24|) ~) 
(2.42) 

An immediate corollary of the estimates (I2.1U|) and (|2.41|) is the following 



Z A(0 = / Cxp[-/ A (WA X A <=|£)]XA(dw A ). 



Proposition 2.8. For every A <e L, the function J7* 3 ^ i — ^ Z^{£) E (0, +oo) is 
continuous. Moreover, for any R > 0, 



(2.43) 



inf Z A (£) > 0, sup Z\(0 < oo. 



2.4. Local Gibbs specification. In the DLR formalism Gibbs measures are de- 
termined by means of local Gibbs specifications. In our context it is the family 
{ttaIa^l of measure kernels 

B{Q) xfls (B,i) ^tta(5|0 g [0,1] 
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which wc define as follows. For £ E Q , A <s L, and B E 23(f2), we set 

(2.44) n A {B\0 = — -j-r [ exp [-J A (w A X A .|0] M«>A x f A c) XA (dw A ), 

where Is stands for the indicator of B. We also set 

(2.45) 7r A (-|£) = 0, for £ € Q \ fl*. 

From these definitions one readily derives a consistency property 

(2.46) / 7r A (fl|w)7rA'(dw|0=7r A '(£|0. A c A', 



which holds for all B E B(fl) and £ € Q. Furthermore, by (|2.41|) it follows that for 
any £ E ft, a E (0, 1/2), and x > 0, 



(2.47) 



/ ex P \ Yl ( x °Mc% + ^Nlll ) ? ^(do;^) < oo, 



where A CT is the same as in Proposition ^. II 

By C\j(Q a ) (respectively, Cb (/?')) we denote the Banach spaces of all bounded 
continuous functions / : fi a — ► R (respectively, / : J?' — > R) equipped with the 
supremum norm. For every a El, one has a natural embedding Cb(J2 Q ) °- > Cb 

Lemma 2.9 (Feller Property). For every a E T, A <s L, and any / S Cb(J2 Q ), £/ie 
/anction 

(2.48) 9 £ ~ tt a (/|£) 

def 1 

belongs to Cb(/? Q ). 27ie linear operator / i— > ?r A (/|-) is a contraction on C^(n a ). 
Proof. By Lemma f2. 71 and Proposition 12 . 81 the integrand 

G A M£) =* /(wa x £ A c) exp [-J A (w A x Oa»|0] /M0 
is continuous in both variables. Moreover, by l|2.39|l and l|2.43[) the map 

' A ( 



/K x £ A c) exp [-J A (w A x A c |£)] x A (dw A ), 



9 £ h-> sup |G{(a; A |£)| 



is locally bounded. This allows us to apply Lebesgue's dominated convergence 
theorem, which yields the continuity stated. Obviously, 

(2-49) sup M/IOI < ™p |/(0|. 

□ 

Note that by f2~4*lj) . for (6fi',a€l, and / E C h {Q a ), 

(2.50) tt a (/|0 = / /HttaCcMO. 

Jo 

Definition 2.10. ^4 measure \i E V{0) is called a tempered Euclidean Gibbs mea- 
sure at inverse temperature (3 > if it satisfies the Dobrushin-Lanford-Ruelle ( equi- 
librium) equation 

(2.51) / n A {B\uj)fi(dLu) = (i(B), for all A <s L and S E B(Q). 
J n 
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By Q t we denote the set of all tempered Euclidean Gibbs measures of our model. 

So far we do not know if is non-void; if it is, its elements are supported by Q . 

Indeed, by and (jOS) tt a (^ \ Q^g) = for every A <s L and £ G Q. Then 
by HSU, 

(2.52) /i(/2\/2 t ) = =>■ /i(//) = 1. 
Furthermore, 

(2.53) G /2* | W S JL : uj e G Cf}) = 1, 

which follows from (|2.47(l . 

Given a e I, by W a we denote the usual weak topology on the set of all probabil- 
ity measures V(f2 a ), defined by means of bounded continuous functions on Q a . By 
W* we denote the weak topology on V(D t ). With these topologies the sets V{O a ) 
and 'P(J? t ) become Polish spaces (Theorem 6.5, page 46 of [H2). In general, the 
convergence of {fi n }neN C V{Q t ) in every W Q , a € I, does not yet imply its W*- 
convergence. In Lemma [4.51 and Gorollarv l5.ll below we show that the topologies 
induced on Q l by W a and W* coincide. 

Lemma 2.11. For eac/i a G I, every W Q - accumulation point fi G V((2 ) of the 
family {7T A (-|£) | A g L, £ G /? } is a tempered Euclidean Gibbs measure. 

Proof. For each a G X, Cb(/2 Q ) is a measure defining class for P (/?*). Then a 
measure /i G 7 7 (/2 t ) solves (|2.51f) if and only if for any / G Cb(i2 Q ) and all A <s L, 



(2.54) / /(w)A*(dw) = / 7r A (/|w)/i(da;). 

Let {7TA fc (-|Cfc)}fceN converge in W a to some fx G P(/2 t ). For every A <g L, one finds 
fc A G N such that A C A k for all k > k A . Then by QTSjfy , one has 



/( w ) 7r A fc (dw|^ fc ) = / 7r A (/|w)7r Afc (du;|£fc). 
fit J fi 1 

Now by Lemma \l. 91 one can pass to the limit k — > +oo and get l|2.54|l . □ 

2.5. Euclidean approach and local quantum Gibbs states. Here we outline 
the basic elements of the Euclidean approach in quantum statistical mechanics, its 
detailed presentation may be found in |S| . 

For AgL, the Schrodinger operator 7J A , defined by (|2.11|) . acts in the physical 
Hilbert space Ha = L 2 (R"IA|). In 

view of l|2.17(l . one can introduce 

, is dcf traceMe -/3ffA ) 
(2-55) U3A^ gA (A) * t J (e _, gA) J , 

which is a positive normalized functional on the algebra C A of all bounded linear 
operators (observables) on 7i\. It is the Gibbs state of the system of quantum 
oscillators located in A (local Gibbs state). The mappings 

(2.56) £ A 3 A ^ a£ (A) d = e ttHA A e - UHA , teR, t - time 

constitute the group of time automorphisms which describes the dynamics of the 
system in A. The state qa satisfies the KMS (thermal equilibrium) condition rel- 
ative to the dynamics a^, see Definition 1.1 in Multiplication operators by 
bounded continuous functions act as 

(FVO(z) = F(x) ■ iP(x), Vg^a, feC b (rl A l). 
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One can prove, see [IIB1EHI) that the linear span of the products 
(2-57) 4 1 (F l )..-4 n (F n ), 

with all possible choices of n G N, t\, . . . ,t n G R and F\,...,F n e Cb(R v ' A '), is 
a- weakly dense in Ca- As a cr- weakly continuous functional (page 65 of |20p. the 
state (|2.55|) is fully determined by its values on (|2.57(l . i.e., by the Green functions 

(2.58) Gp 1>Fn (ti, . . . ,t„) d =l f A [a A (i^) •••<(*;)]. 

As was shown in ^ 0] ^] , the Green functions can be considered as restrictions of 
functions G F F„( 2 ii ■ • ■ > z ™) analytic in the domain 

(2.59) 2?£ = {(z l7 . . . z„) g C n | < 9f(z x ) < 3(z 2 ) < • • • < 3(z„) < f3}, 
and continuous on its closure Dg c C™. The 'imaginary time' subset 

{(*!, . . . , Zn) G 2?^ | 5R(zi) = • • • = 3?(z n ) = 0} 

is an inner set of uniqueness for functions analytic in 2?^ (see pages 101 and 352 
of [70]). Therefore, the Green functions (|2.58() . and hence the states (|2.55f) . are 
completely determined by the Matsubara junctions 

(2.60) r^ tFn ( n ,...,T n ) d = G Fl ^ Fn (in,...,iT n ) 

= trace[F 1 e- {T2 - Tl)HA F 2 e- {T3 - T2)HA ■ • ■ F„e-( T "+ 1 - T "^ A ]/trace[ e - /3ffA ] 

n def 

taken at 'temperature ordered' arguments < t\ < ■ ■ ■ < r n < t\ +p — r n+ i, with 
all possible choices of n G N and F\,...,F n G Cb(R"' A '). Their extensions to the 
whole [0, 0\ n are defined as 

^Fi,...,F„( T l) •••) T n) = r F aW ,...,F aln) i. T a(l), ■ ■ ■ , V*))' 

where cr is the permutation of {1, 2, . . . , n} such that T CT m < t ct (2) < • • • < T o-(n)- 
One can show that for every 6 G [0, /?], 

(2.61) ^A,..,f>i + 0, . . . ,r n + 0) = r^ Fn ( n , . . . , Tn ), 

where addition is modulo (3. This periodicity along with the analyticity of the 
Green functions is equivalent to the KMS property of the state (|2.56|) . 

The central element of the Euclidean approach which links the local Gibbs states 
(12.5511 and the local Gibbs measures l|2.19|l is the representation (c.f., (|2.18|) ') 

(2.62) T A Fn ( n ,...,T n )= [ F 1 (cj A {T 1 ))...F n (Lj A {T n )) f i A (du; A ). 

J Oh 

The Gibbs state (|2.55J1 corresponds to a finite AgL Thermodynamic properties 
of the underlying physical model are described by the Gibbs states corresponding 
to the whole lattice L. Such states should be defined on the C*-algebra of quasi- 
local observables £, being the norm-completion of the algebra of local observables 
Uasl^a- Here each £a is considered, modulo embedding, as a subalgebra of <L\i 
for any A' containing A. The dynamics of the whole system is to be defined by 
the limits, as A f L, of the time automorphisms l|2.56|l . which would allow one 
to define the Gibbs states on £ as KMS states. This 'algebraic' way can be real- 
ized for models described by bounded local Hamiltonians if a, e.g., quantum spin 
models, for which the limiting time automorphisms exist, see section 6.2 of |20| . 
For the model considered here, such automorphisms do not exist and hence there 
is no canonical way to define Gibbs states of the whole infinite system. Therefore, 
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the Euclidean approach based on the one-to-one correspondence between the local 
states and measures arising from the representation (|2.62|l seems to be the only 
way of developing a mathematical theory of the equilibrium thermodynamic prop- 
erties of such models. For certain model of quantum crystals, the limiting states 
liniA/iLPA were constructed by means of path measures, see ^3 EH EH- The 
set of all Euclidean Gibbs measures Q t we study in this article certainly includes 
all the limiting points of this type. Furthermore, there exist axiomatic methods, 
see |2] > analogous to the Osterwalder-Schrader reconstruction theory j 
by means of which KMS states are constructed on certain von Neumann algebras 
from a complete set of Matsubara functions. In our case such a set constitute the 
functions 



defined for all bounded local multiplication operators Fi,...,F n . Therefore, the 
theory of Q t developed in the article may be used to constructing such algebras and 
states, which we leave as an important task for the future. 

3. The Results 

In the first subsection below we present the statements describing the general 
case, whereas the second subsection is dedicated to the case of v = 1 and Ju> > 0. 

3.1. Euclidean Gibbs measures in the general case. We begin by establishing 
existence of tempered Euclidean Gibbs measures and compactness of their set Q 4 . 
For models with non-compact spins, here they are even infinite-dimensional, such 
a property is far from being evident. 

Theorem 3.1. For every (3 > 0, the set of tempered Euclidean Gibbs measures Q l 
is non-void and VV - compact. 

The next theorem gives an exponential moment estimate similar to l|2.1Q(l . Recall 
that the Holder norm \ ■ \c^ was defined by H2.2(l . 

Theorem 3.2. For every a € (0,1/2) and h > 0, there exists a positive constant 
such that, for any I and for all \i G Q l , 



where \ a is the same as in $2.10\) . 

According to l|3.1|l . the one-site projections of each /i S G t are sub-Gaussian. 
The bound does not depend on I and is the same for all fi G Q % , though it 

may depend on a and xt. Th estimate (|3.1f) plays a crucial role in the theory of the 
set G t ■ Such estimates are also important in the study of the Dirichlet operators 
associated with the measures \i £ see |TU1ITT] . 

The set of tempered configurations fl t was introduced in (|2.3()|) , l|2.38|l by means 
of rather slack restrictions (c.f., I|2.25|l ) imposed on the L^-norms of oj£. The el- 
ements of G t are supported by this set, see (|2.52(l . It turns out that they have 
a much smaller support (a kind of the Lebowitz-Presutti one). Given b > and 



(2.63) 




(3.1) 
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a e (0, 1/2), we define 

(3.2) S(b, a) = {£ G | (Wo G L) (3A £A € L) (W G Af A ) : 

<61og(l + 

which in view of (12.3311 is a Borel subset of 17*. 



Theorem 3.3. For every a G (0, 1/2), i/iere exists b > 0, which depends on a and 
on the parameters of the model only, such that for all fi G G ' , 

(3.3) n(S(b,a)) = l. 

The last result in this group is a sufficient condition for Q t to be a singleton, 
which holds for high temperatures (small (3). It is obtained by controlling the 
'non-convexity' of the potential energy (|2.12l) . Let us decompose 

(3.4) Vt = V U + V 2>e , 
where Vi,t G C 2 {W) is such that 

(3.5) -a < b d ^ inf inf (V{[ e (x)y, y) /\y\ 2 < oo. 
As for the second term, we set 

(3.6) < S = f sup < sup V2 i(x) — inf V2 e(x) > < 00. 

I UeM" ' xeR " ' J 

Its role is to produce multiple minima of the potential energy responsible for even- 
tual phase transitions. Clearly, the decomposition (|3.4|) is not unique; its optimal 
realizations for certain types of Vt are discussed in section 6 of ^5] . 

Theorem 3.4. The set Q l is a singleton if 

(3.7) e? s <(a + b)/J . 

One observes that the latter condition surely holds at all (3 if 

(3.8) 6 = and J < a + b. 

In this case the potential energy Wa given by (|2.12|l is convex. The conditions (|3.8|) 
and (|3.7|l do not contain the particle mass m; hence, the property stated holds also 
in the quasi-classical limit 2 m — > +00. 

3.2. Scalar ferromagnetic models. Here we study in more detail the case v = 1 
and Jul > 0, that is tacitly assumed in this subsection. Recall that the components 
u>e of lo G fl are continuous functions on Sp = [0,(3]. For 10,10 G fl, we set lo < lo 
if for all I and t G [0,/3], one has loi(t) < &e(r). This allows one to define an 
order on V(0), called stochastic domination or FKG order, see A function 

/ : Q — > K is called increasing if u> < Q implies f(u>) < /(£)• Clearly, increasing 
functions / G Ch{fl l ) constitute a measure determining class. For [i £ T J (Q t ) and 
/ G Cb we write (c.f., 



= / /(w)/*(d«). 

Then for m,fi2 G 7'(L? t ), we set 

(3.9) /ii < f<2 if f-i(f) < f-2(f), for all increasing / G Cb 

2 For details on this limit see 
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A measure fj, £ Q % is called shift invariant if its Matsubara functions (|2.63|) have 
the property (|2.61(l . 

Theorem 3.5. The set Q t has unique maximal /i+ and minimal /i_ elements in 
the sense of the order These elements are extreme and shift invariant; they 

are also translation invariant if the model is so. IfVi(x) — Ve(— x) for all I, then 
H+{B) = (J,-(-B) for all B e B{Q). 

Phase transitions correspond to Q l possessing more than one element. In the un- 
derlying physical systems phase transitions manifest themselves in the macroscopic 
displacements of particles from their equilibrium positions (a long-range order). For 
translation invariant ferromagnetic models with v = 1 and Ve = V obeying certain 
conditions, the appearance of the long-range order at low temperatures was proven 
in |18l 1231 fTTcTl 1431 lf>3| . Thus, one can expect that also in our case |^'| > 1 at big (3. 
We prove this under certain conditions imposed on d, Jw and Ve- First we suppose 
that the interaction between the nearest neighbors is uniformly nonzero 

(3.10) inf J U ' d = J>0. 

Next we suppose that Ve are even continuous functions and the upper bound in 
(12.1411 can be chosen as 

r 

(3.11) V(x e ) = ^b^xf ; 2b^ < -a; &« > 0, s > 2, 

3 = 1 

where a is the same as in (|2.5f) or in l|2.12|l . and r > 2 is cither a positive integer 
or infinite. For r = +oo, we assume that the series 

(3-12) ^'E ife ^ 1 - 

converges at some t > 0. Since 2b^ + a < 0, the equation 

(3.13) a + 2fe (1) + ${t) = 0, 

has a unique solution > 0. Finally, we suppose that for every £, 

(3.14) V{xe) — Ve(xg) < V(xe) — Vg(xe), whenever x\ < xj. 

By these assumptions all Ve are 'uniformly double- welled'. If Ve(xe) = ve{xf) and 
ve are differentiable, the condition l|3.14|l may be formulated as an upper bound for 
v' £ . Recall that L = Z d ; for d > 2, we set 

( 3 - 15 ) 9 * = l^sl -WT' E(p) =J2ll~co SPj }. 

Theorem 3.6. Let d > 3 and the above assumptions hold. Then under the condi- 
tion 

(3.16) J > ej/Smtl, 

there exists /3» > such that 1^*1 > 1 whenever (3 > (3*. The bound /3* is the unique 
solution of the equation 

(3-17) U = A f , 1 cot* (?™m dp . 

(27r) d J { _^ V ^/8mJE(p) I 2m j 
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As was shown in |2l Irfl 145] . strong quantum effects, corresponding in particular to 
small values of the particle mass m, can suppress abnormal fluctuations and hence 
phase transitions. Therefore, one can expect that they can yield |^*| = 1. In the 
probabilistic interpretation our model describes a system of interacting diffusion 
processes, in which strong quantum effects correspond to large diffusion intensity. 
The most general result in this domain - the uniqueness at all (3 due to strong 
quantum effects - was proven in 5 . In the present paper we essentially extend 
the class of self-interaction potentials for which this result holds as well as make 
precise the bounds of the uniqueness regime. Furthermore, unlike to the mentioned 
papers we do not suppose that the interaction has finite range and the model is 
translation invariant. In Theorem 13 . 71 below we assume that the potentials Vg are 
even continuous functions possessing the following property. There exists a convex 
function v : [0, +oo) -> R such that (c.f., IpTTijl ) 

(3.18) Vt (xi ) — v(x 2 ) < Ve(xi) — v(x 2 ) whenever x 2 < x 2 . 

In typical cases of Ve, like (|2.1(i|) . as such a v one can take a convex polynomial of 
degree r > 2. Now let us introduce the following one-particle Schrodinger operator 

(c.f., (23i, vrm ) 

(3.19) «, = _J_(£) 2 + !*! + „(,!,. 

It has purely discrete non-degenerate spectrum {E n } ne f$ . Thus, one can define 
the parameter 

(3.20) Z\ = min {E n -E n _ x ), 

riGN 

which depends on m, a, and on the choice of v. Recall, that Jo was defined by 
(l2~15l . 

Theorem 3.7. Let the above assumptions regarding the potentials Vi hold. Then 
the set of tempered Euclidean Gibbs measures is a singleton if 

(3.21) mA 2 > J . 

Note that the above result holds for all (3 > 0. Thus, 1(3. 21[) is a stability condition 
like Q3.8p . where the parameter mA 2 appears as the oscillator rigidity (or diffusion 
intensity). If it holds, a stability-due-to-quantum-effects occurs, see |51 1441 148| . 
If v is a polynomial of degree r > 2, the rigidity mA 2 is a continuous function of 
the particle mass m; it gets small in the quasi-classical limit m — > +oo, see |48| . 
At the same time, for m — > 0+, one has mA 2 = 0(m~( r-1 )/ (r+1 )), see |21 138] . 
Hence, (|3.21() certainly holds in the small mass limit, c.f., pSIEI- To compare the 
latter result with Theorem 13. 61 let us assume that Ju> = J iff \l — 1'\ = 1 and all Vi 
coincide with the function given by Q3.11|l . Then the parameter H3.20|l obeys the 
estimate A < l/2mi», see [48] ■ where is the same as in (I3.16|) . I[3.17[l . In this 
case the condition l|3.21[l can be rewritten as 

(3.22) J<l/8dmtl. 

One can show that 9d > 1/d and d9 2 — > 1 as d — > +oo, which indicates that the 
estimates H3.16H and (13.22(1 become precise for sufficiently large dimensions. 
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Now we consider a translation invariant version of our model and impose further 
conditions on the self-interaction potential. Set 



(3.23) ^Laguerre — \ f 



<p(t) = <p exp(7 i)t n J|(l + 7it) 



i=i 



where ipo > 0, n G No, Ji > for all i £ No, and X)i=i 7* < 00 • Each <y9 £ ^Laguerre 
can be extended to an entire function y> : C — ► C, which has no zeros outside of 
(— oo, 0]. These are Laguerre entire functions, see |39l 1461 IBTj . In the next theorem 
the parameter a is the same as in i|2.5|l . 

Theorem 3.8. Let the model we consider be translation invariant with the self- 
interaction potentials V being of the form 

(3.24) V(x) = v(x 2 ) - hx, h G E, 

with v(0) = and such that for a certain b > a/2, the derivative v' obeys the 
condition b + v' G ^Laguerre- Then the set Q t is a singleton if h =/= 0. 

3.3. Comments. Here we comment the theorems and compare them with the 
corresponding results known for similar models. 

• Theorem 13.11 A classical tool for proving existence of Gibbs measures is 
the celebrated Dobrushin criterion, Theorem 1 in [2*4" .. To apply it in our 
case one should find a compact positive function h defined on the single-spin 
space C/3 such that for all £ and £ e Q, 

(3.25) f h(u t )ir t (du\t) <A + Y, kt'h{&), 
Jn v 

where 

A>0: J#/>0 for all £,£', and supV/«-<l. 

Here and in the sequel to simplify notations we denote ir{iy by ire . Then the 
estimate ()3.25JI would yield that for any £ G Q, such that sup £ h{^t) < oo, 
the family {7TA(-|£)}AgL is relatively compact in the weak topology on V{Q) 
(but not yet in W a , W). Next one would have to show that any accumu- 
lation point of {7ta(-|£)}a<=l is a Gibbs measure, which is much stronger 
than the fact established by our Lemma 12.111 Such a scheme was used 
in ^| |21 E] where the existence of Gibbs measures for lattice systems 
with the single-spin space E was proven. Those proofs heavily utilized the 
specific properties of the models, e.g., attractiveness and translation invari- 
ance. The direct extension of this scheme to quantum models seems to 
be impossible. The scheme we employ to proving Theorem 13.11 is based 
on compactness arguments in the topologies W Q , W*. After obvious mod- 
ifications it can be applied to models with much more general types of 
inter-particle interaction potentials. Additional comments on this matter 
follow Corollary |4. 21 

• Theorem 13.21 gives a uniform integrability estimate for tempered Eu- 
clidean Gibbs measures in terms of model parameters, which in principle 
can be proven before establishing the existence. For systems of classical 
unbounded spins, the problem of deriving such estimates was first posed 
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in ^2] (see the discussion following Corollary 14. 2J) . For quantum anhar- 
monic systems, similar estimates were obtained in the so called analytic 
approach, which is an equivalent alternative to the approach based on the 
DLR equation, see |SJ OH ^] . In this analytic approach Q t is defined as 
the set of probability measures satisfying an integration-by-parts formula, 
determined by the model. This gives additional tools for studying Q l and 
provides a background for the stochastic dynamics method in which the 
Gibbs measures are treated as invariant distributions for certain infinite- 
dimensional stochastic evolution equations, see |15) . In both analytic and 
stochastic dynamics methods one imposes a number of technical conditions 
on the interaction potentials and uses advanced tools of stochastic analysis. 
The method we employ to proving Theorem 13. 21 is much more elementary. 
At the same time, Theorem 13.21 gives an improvement of the correspond- 
ing results of [5[ because: (a) the estimate l|3.1|) gives a much stronger 
bound; (b) we do not suppose that the functions Vi are differentiable - an 
important assumption of the analytic approach. 
• Theorem EOl As might be clear from the proof of this theorem, every 
\i € 7 ? (/2 t ) obeying the estimate Ij3.1|) possesses the support property l|3.3[l . 
For Gibbs measures of classical lattice systems of unbounded spins, a sim- 
ilar property was first established in hence, one can call S(b,a) a 
Lebowitz-Presutti type support. This result of |54| was obtained by means 
of Ruclle's superstability estimates |68| . applicable to translation invariant 
models only. The generalization to translation invariant quantum model 
was done in where superstable Gibbs measures were specified by the 
following support property 



Here we note that by the Birkhoff-Khinchine ergodic theorem, for any trans- 
lation invariant measure \x eV{n l ) obeying (JHHJ), it follows that for every 
a G (0, 1/2), x > 0, and /i-almost all u, 



In particular, every periodic Euclidean Gibbs measure constructed in sub- 
section below has the above property. 

• Theorem l3.4l establishes a sufficient uniqueness condition, holding at high- 
temperatures (small (3). Here we follow the papers |12U13| . where a similar 
uniqueness statement was proven for translation invariant ferromagnetic 
scalar version of our model. This was done by means of another renown 
Dobrushin result, Theorem 4 in |24| . which gives a sufficient condition for 
the uniqueness of Gibbs measures. The main tool used in |12l IT5] to esti- 
mating the elements of the Dobrushin matrix was the logarithmic Sobolev 
inequality for the kernels ttj>. 

• Theorem l3.5l is an extension of the corresponding statement proven in [T7] 
for classical lattice models. The extreme elements mentioned in Theorem 
13.51 play an important role in proving Theorems 13.61 13.71 13.81 




sup { (l + 2N)- d 




< C(ui), fi — a.s.. 
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• Theorem 13.61 For translation invariant lattice models, phase transitions 
are established by showing the existence of nonergodic (with respect to the 
group of lattice translations) Gibbs measures. This mainly was being done 
by means of the infrared estimates, see |18l 1231 131)1 1431 I63| . Here we use a 
version of the technique developed in those papers and the corresponding 
correlation inequalities which allow us to compare the model considered 
with its translation invariant version (reference model). 

• Theorem 13.71 For translation invariant models with finite range interac- 
tions and with the anharmonic self-interaction potential possessing special 
properties, the uniqueness by strong quantum effects was proven in |S] (see 
also With the help of the extreme elements /i± £ G t we essentially 
extend the results of those papers. As in the case of Theorem 13.61 we em- 
ploy correlation inequalities to compare the model with a proper reference 
model. 

• Theorem 13.81 For classical lattice models, the uniqueness at nonzero h 
was proven in jTJJ |S21 ]EM under the condition that the potential (|3.24(l 
possesses the property which we establish below in Definition 17.11 The 
novelty of Theorem 13. 81 is that it describes a quantum model and gives an 
explicit sufficient condition for V to possess such a property 3 . This theorem 
is valid also in the quasi-classical limit m — > +oo, in which it covers all the 
cases considered in ^| |S5J [M]. For (0 4 )2 Euclidean quantum fields, a 
similar statement was proven in |3()| . 

4. Properties of the Local Gibbs Specification 
Here we develop our main tools based on the properties of the kernels l|2.44l) . 

4.1. Moment estimates. Moment estimates for the kernels l|2.44ll allow one to 
prove the W'-relative compactness of the set {7rA(-|£)}AgL, which by Lemma \'2. Ill 
guaranties that Q l ^ 0. Integrating them over £ £ J?* we get by the DLR equation 
(|2.51|l the corresponding estimates also for the elements of Q t . Recall that wt stands 

for 7T {£} . 

Lemma 4.1. For any k, $ > 0, and a £ (0, 1/2), there exists > such that 

for all I G L and £ £ Q t , 

(4.1) 

^exp jA CT H^ +*|w/|^}7r/(du;|0 < exp j<^7j|+ | Jw\ ■ j ■ 

Here X a > is the same as in 13.1)) . 

Proof. Note that by (12.47ft the left-hand side is finite and the second term in exp{-} 
on the right-hand side is also finite since £ £ il t . For any ?? > 0, one has (see l|2.15|l ) 



(4.2) 



^ J° I |2 



•16 



■^Examples follow Proposition 17. 2j 
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which holds for all u,£ € t . By these estimates and (j22U, (E23>, (|232J>, 'l?~TT|: 

we get 

(4.3) LHS(EU) < [l/y<(i?)] • exp jtf^ | J«,| • j 

x ^ exp |a ct |^|^ + (x + M|s - jf V^(a;^T))dr| x(dc^) 

where 



V',(^.)= / <'M><! — -Ni5- / i;u,(.r)Xlr^ \(«U). 



/3 



Now we use the upper bound l|2.14|l to estimate inff Yi(-d), the lower bound (|2.14(l 
to estimate the integrand in 1)4. 3[l . take into account Proposition l2.il and arrive at 

JHU- □ 

By Jensen's inequality we readily get from (|4.1|) the following Dobrushin-like bound. 
Corollary 4.2. for all £ and £ £ Q , the kernels 7rf(-|£), o&e?/ i/ie estimate 



(4.4) 
with 



(4.5) /i(o^) = \„\u)i\c<j + x\u)(,\ 2 L 2, 

which is a compact junction h : Cp — > R. 

For translation invariant lattice systems with the single-spin space R and ferromag- 
netic pair interactions, integrability estimates like 



log\ exp(A|iE£|)7^(dx|?/) \ < A + Vl, 
Ut l J „ 



were first obtained by J. Bellissard and R. H0egh-Krohn, see Proposition III. 1 
and Theorem III. 2 in ^7j. Dobrushin type estimates like l|3.25|) were also proven 
in |21l 174] . The methods used there essentially employed the properties of the 
model and hence cannot be of use in our situation. Our approach to getting such 
estimates is much simpler; at the same time, it is applicable in both cases - classical 
and quantum. Its peculiarities are: (a) first we prove the exponential integrability 
(14.1|) and then derive the Dobrushin bound 14.4|) rather than prove it directly; (b) 
the function i|4.5[l consists of two additive terms, the first of which is to guarantee 
the compactness while the second one controls the inter-particle interaction. 

Now by means of 1)4. l|l we obtain moment estimates for the kernels 7ta with 
arbitrary A <s= L. Let the parameters a, x, and A CT be the same as in (14. Ill . For 
I E A <e L, we define 

(4.6) n*(A|£) = log |^ exp (a ct |^|^ + x|^||=) 7r A (dw|£) J , 

which is finite by (|2.47(l . 
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Lemma 4.3. For every a £ 2, there exists Ctr^ia) > such that for all £q and 

Cert*, 



(4.7) 

hence, 
(4.8) 



\imsup^2n e (A\^)w a {£ J) < QWa); 
limsupn^A^) < Qj/ia), for any a el. 



Thereby, for all £ £ i?', t/iere exists Qj.^ i > suc/i i/ia£ /or aZ/ A <s L contain- 
ing £, 

(4-9) »<(A|O<q£g&0- 

Proof. Given x > and agl, we fix 1? > such that 
(4.10) ^l-fo'l <i?Jo <i?Ja <x. 

Then integrating both sides of the exponential bound (|4. 1|) with respect to the 
measure 7rA(dw|£) we get 



\ w t'\ 2 Ll Ta(<L>|£) 



(4.11) n,(A|£) < q^H+t? E l J «'H& 

+ logi / exp (tf E |J«,| • 
[ Jn \ teA 

Here we have used l|4.1UII and the multiple Holder inequality 



Vid^i 



in which \x is a probability measure, </?i > (respectively, a, > 0), i = 1, . . . , n, are 
functions (respectively, numbers such that J27=i ai — -*-)■ Then (|4.11|) yields 

(4.12) ^ (A|0 < ^2m(A\$w a (£ ,£) 



< 



1 - dJa/x 



reA 



:'eA c 



Therefrom, for all £ 6 J? 4 , we get 

(4.13) limsupri^(A|£) < limsup V n e (A\£ )w a (£ , 1) 

A/L A " 



Ayh 



leA 



< 



which gives H4.7|l and (|4.8|l . The proof of Ij4.9|l is straightforward. 



□ 
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Recall that the norm || • || Q was defined by (|2.36|1 . Given a £ X and a £ (0, 1/2), 
we set 

1/2 



(4.14) 



l£IU, 



Lemma 4.4. Let the assumptions of Lemma \4-1\ be satisfied. Then for every a £ X 
and £ £ Q t , one finds a positive j^ O such that for all AdL, 

(4.i5) J MlMMZ)<qjJZ(0- 

Furthermore, for every a £ X, a £ (0, 1/2), and £ € for which the norm \4-14\l 
is finite, one finds a > such that for all A <s= L, 



(4.16) 



Proof. For any fixed £ £ i?*, by the Jensen inequality and H4.12(l one has 



(4.17) 



lim sup 

A/L J fl 

< lim sup 

A/T 



M£tt a (cM0 



I^n,(A|^ Q (0,£)+ J] 



fGA 



£GA c 



Hence, the set consisting of the left-hand sides of Ij4.15|l indexed by A d 
bounded in K. The proof of l|4.16|l is analogous. 



is 
□ 



4.2. Weak convergence of tempered measures. Recall that / : Q — * R is 
called a local function if it is measurable with respect to B(f2\) for a certain AgL 

Lemma 4.5. Let a sequence {pi n }neN C V(fl t ) have the following properties: (a) 
for every a £ X, each its element obeys the estimate 



(4.18) 



M 



with one and the same 0^^ j^ oQ; (b) for every local f £ Cb^'), the sequence 
{Mn(/)}nGN C K is fundamental. Then {/i n }ngN converges in W to a certain 
H£V{fl t ). 

Proof. The topology of the Polish space fl l is consistent with the following metric 

(c.f., |233) 



(4.19) P (^H]T2- fe r 



Ld - UJ 



E 2 " 



\ui - Ut\c B 



i _ j . - , 1; ; 1 + \u>e - title/, 

where {a^ltgN Cl = (a, a) is a monotone strictly decreasing sequence converging 
to a. Let us denote by C^{Q t ;p) the set of all bounded functions / : H t — > M, 
which are uniformly continuous with respect to (|4.19|) . Thus, to prove the lemma it 
suffices to show that under its conditions the sequence {/i n (/)}ngn is fundamental 
for every / £ C^(f2 t ;p). Given S > 0, we choose Aj gL and fcjeN such that 



(4.20) 



J2 < ^/3, 2 ~ k = 2 ~ ks+1 < s / 3 - 



k—ks 
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(4-21) sup {w (0,l)/w (0,t)\ < -Ij, 



For this <5 and a certain i? > 0, we choose Aa(i?) (g L to obey 

ielL\A s (R) 

which is possible in view of (|2.28|) . Finally, for R > 0, we set 

(4.22) B R = {uen t \\\u\\ akf <R}. 

By (I4.18|) and the Chebyshev inequality, one has that for all n £ N, 

(4-23) p n (fl* \ B R ) < OfrMa k5 )/R 2 . 

Now for / G ( /7* ; p), AnL, and n, m <E N, we have 

(4.24) M/) - Mm (/)| < |/x„(/ A )-/im(/A)| 

+ 2max{/i„(|/-/ A |);At ro (|/-/A|)}, 

where we set /a(w) = /(c^a x 0a<=)- By 14.23f) . 

(4.25) Ml/ -AD < 2qtrg(a fc Jll/||oc/J? 2 

|/(cj) - /(wa x A c)| Mn(dw). 



For chosen / £ C^(X2*; p) and £ > 0, one finds <5 > such that for all ui,oj € Q t , 

|/(w) — /(w)| < e/6, whenever p(u,u}) < S. 
For these /, e, and <5, one picks up R(e, S) > such that 

(4.26) qfamfr»OII/ll°°/ [^M)f < £/ 12 - 

Now one takes A (e L, which contains both A5 and As[R(e, 5)] defined by i|4.20ll . 
(|4.21ll . For this A, u> € B R r e j\ , and = 1, 2, . . . , kg — 1, one has 

(4.27) || w - WA xO A e||2 fc = Y, l^l^^(0,£)[^ k (0^)/^ 5 (0,£) 

where l|OT)l . igjUt have been used. Then by (|4*T3|) . ijOlj) . it follows that 

(4.28) Vw S B R{StS) : p(w,w A x A <=) < 5, 
which together with (|4.26|) yields in (|4.25|) 

- AD < g + gM« ( B R(e,S)) < g- 

By assumption (b) of the lemma, one finds N e such that for all n, m > N s , 

|Mn(/ A ) ~ Mm (/a) I < 

Applying the latter two estimates in (|4.24|) we get that the sequence {fJ, n }neN is 
fundamental in the topology W' in which the space r P(fi t ) is complete. □ 
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5. Proof of Theorems 13. II - EP1 

The existence of Euclidean Gibbs measures and the integrability estimate (13.1(1 
can be proven independently. To establish the compactness of G t we will need the 
estimate (I3.1|l . Thus, we first prove Theorem 13.21 

Proof of Theorem 13.21 Let us show that every fi E "P(^) which solves the 
DLR equation ((2.51(1 ought to obey the estimate ((3.1(1 with one and the same Gfe~]] 
To this end we apply the bounds for the kernels 7taH£) obtained above. Consider 
the functions 

Gn^i) = £ exp fmin 

By (12.51(1 . Fatou's lemma, and the estimate 14.8(1 with an arbitrarily chosen a E X 
we get 



G N (uii)n{duj) 



< limsup 

A/L . 



lim sup 

A/% J n 



G N (u>i)ir A (du!\£,) 



I 


X exp ( 


In 





< 



lim sup 

A/L 



exp 



Q 

del 



M(dC) 



< exp q^a) = l q-o 

In view of the support property 1(2.53(1 of any measure solving the equation ((2.51|) 
we can pass here to the limit N — > +oo and get ((3.1(1 . □ 

Corollary 5.1. For every a E X, the topologies induced on Q t by W a and VV* 

coincide. 

Proof. Follows immediately from Lemma f4. 51 and the estimate ((3.1(1 . □ 
Proof of Theorem 13. 11 Let us introduce the next scale of Banach spaces (c.f., 



(5.1) Q a ^ a = {oj E n I \\ui\\ a ,a < oo} , cG (0,1/2), aeX, 

where the norm || • || Q (T was defined by 1(4.14(1 . For any pair a, a' € X such that 
a < a', the embedding i? QjCr i? Q ' is compact, see Remark 12.61 This fact and 
the estimate (14.16(1 . which holds for any £ G fl a ,m imply by Prokhorov's criterion 
the relative compactness of the set {^a{-\£,)}a^l in W Q /. Therefore, the sequence 
{ti"a('|0)}a<=l is relatively compact in every W Q , a EX. Then Lemma f2 . 1 II yields 
that Q t 0. By the same Prokhorov criterion and the estimate 1(3.1(1 . we get the 
W Q -relative compactness of Q t . Then in view of the Feller property (Xemma 12.9(1 . 
the set Q l is closed and hence compact in every W Q , a E X, which by Corollary [O] 
completes the proof. □. 

Proof of Theorem 13.31 To some extent we shall follow the line of arguments 
used in the proof of Lemma 3.1 in Given £,£o, b > 0, a E (0, 1/2), and AcL, 
we introduce 

(5.2) S e (£o,b,a) = {£ E Q \ < 61og(l + \l - £ \)}, 

E A (£ ,b,a) = P| Ei(£ ,b,a). 
ieA 
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For a cofinal sequence C, we set 

(5.3) S(l ,b,a) = |J E A a(£ ,b,cx), E(b,a) = f| E{£ Q ,b,a), 

The latter E(b, a) is a subset of fl 1 and is the same as the one given by l|3.2|l . To 
prove the theorem let us show that for any a £ (0, 1/2), there exists b > such 
that for all £ an d G 5', 

(5.4) ii(f2\5(eo,b,a)) = 0. 
By (|5.2|) we have 

(5.5) n\s M (t ,b,a) = u e n \ (31 e a c ) ■. > Mo g (i + \e-e Q \)} 

c Ue O | {31 e A c ) : |&|^ > Mog(l + |i - £ \)}, 

for any A C A. Therefore, 

(5.6) M ( P| [«\H A o(4,6 )( 7)] j = lim/i(fl\S A o(4),M)) ) 

\Ae£ / 

which holds for any cofinal sequence C. By l|5.5|l . 

fx(n\E A c(£ ,b,a)) = fxl\J[O\E e (£ ,b,a)]\ 

\ee\ c / 

< I l^lci >^iog(i + K-4|)}) 

= E^({^l cx P (a ct |6|^) >(i + K-4|) bA -}). 

^eA c 

Applying here the Chebyshev inequality and the estimate (|3.1H we get 
/i (n \ E A . (4, b, a)) < Cfc£ J2 (! + I* - £ v\y bX ° ■ 

As L = Z d , the latter series converges for any b > d/\ a . In this case by (15. 61) 
/i(/2\S(^ ,6 1 (7))=ljm|i([/2\SA.(^o 1 6 > «r)]) = 0, 

which yields l|5.4jl . □ 

By £ (J?*) we denote the set of all continuous local functions / : Q t — ► K, for each 
of which there exist <r £ (0, 1/2), AjgL, and Df > 0, such that 

(5.7) UM| 2 < £>/ £ exp ( A -I^lc ? ) , for all e 0\ 

where A CT is as in l|3.1fl . Let ex(C/ t ) stand for the set of all extreme elements of G*". 

Lemma 5.2. For every /j, € ex(£/*) and any cofinal sequence C, it follows that: (a) 
the sequence {7ta(-|0}ag£ converges in W to this /i /or fj,-almost all £ G .!?*; (b) 
for every f £ £(.!?*), one has lim£ 7ta(/|^) = m(/) /or /i-almost all £ € i? 4 . 

Proof. Claim (c) of Theorem 7.12, page 122 in [22], implies that for any local 

feC h (0% 

(5.8) lim7r A (/|0 = for ^-almost all £ e i?*. 



EUCLIDEAN GIBBS MEASURES OF QUANTUM ANHARMONIC CRYSTALS 



27 



Then the convergence stated in claim (a) follows from Lemmas 14 . 41 and 14 . 51 Given 
/ £ £(/?*) and N £ N, we set ft N = {lu e O | |/(w)| > N} and 



/M if < TV; 

iV/(o;)/l/M| otherwise. 



Each /jv belongs to Cb(/2 t ) and /jv — > / point-wise as A^ — > +oo. Then by (|5.8(1 
there exists a Borel set C i?*, such that /x(S' Ai ) = 1 and for every N E N, 

(5.9) lim7r A (/jv|0 = m(/jv), for all £ € S m . 

Note that by 1)4. (jfl . (|4.9|) . and l|5.7|) . for any £ 6 one finds a positive Q)Tf)l (/i j) 

such that for all A <e L, which contain A/ , it follows that 

(5-10) J \f(u)\ 2 n A (MZ) < qM/,0- 

Hence 

Ka(/I0 - M/jvIOI < 2 / |/( w )|7r A (cL;|0 



Similarly, by means of l|5.7|l and Theorem 13. 21 one gets 

K/) - mCMI < • D f Gfej} 

The latter two inequalities and (|5.9|l allow us to estimate |7r A (/|£) — A*(/)| and 
thereby to complete the proof. □ 

Proof of Theorem 13.41 For the scalar translation invariant version of the model 
considered here, the high-temperature uniqueness was proven in |12II13| . The proof 
given below is a modification of the arguments used there. Thus, we can be brief. 
Given I and £ J?', we define the distance 



/ELi Pl (i|) 

where Lip 1 (L|) stands for the set of Lipschitz-continuous functions / : L% — ► R 
with the Lipschitz constant equal to one. The proof is based upon the Dobrushin 
criterium (Theorem 4 in J24), which employs the matrix 

(5.11) CtfS J g&^^ |, f,f £ L, 

where the supremum is taken over all G /?' which differ only at £' . According 
to this criterium the uniqueness stated will follow from the fact 

(5.12) sup C "' < L 
In view of H2.47|l the map 

(5.13) Ll 3 ^ i ► r(fr) d = / /(w/)7r/(cL;|0 
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has the following derivative in direction £ 6 Li 

(V Tfo), Q L% = -J U > [m (/ • {m, Oli \s) - m (f\0 ■ n (W O23 \Z 

By Theorem 5.1 of the measures 7r^(-|£) obey the logarithmic Sobolev inequality 
with the constant 

(5.14) C LS = e" tf /(a + 6), 

which is independent of £. By standard arguments this yields the estimate 

(5-15) |(VT(^),C)l|| <C hS \Jw\-\C\ly 

Then with the help of the mean value theorem from 1)5. 11[) and (|5.14|) we get 

Cm < \Ju>\-eP*/(a + b). 
Thereby, the validity of the uniqueness condition (|5.12(l is ensured by (|3.7jl . □ 

6. Proof of Theorems E3J EH 

6.1. Correlation Inequalities. Recall that Theorems l3 . 5l ~ l3~51 describe ferromag- 
netic scalar models, i.e., the ones with v — 1 and Ju> > 0. Thus, all the statements 
below refer to such models only. Their proofs are mainly based on correlation in- 
equalities. For the Gibbs measures considered here, such inequalities were derived 
in £Q in the framework of the lattice approximation technique, analogous to that 
of Euclidean quantum fields [7T]. We begin with the FKG inequality, Theorem 6.1 
in El 

Proposition 6.1. For all A <s L, £ € Q t and any continuous increasing 7ta( - |£)~ 
integrable functions f and g, it follows that 

(6-1) 7T A (/ • > 7r A (/|0 • ttaCstIC), 

which yields that for all such functions, 

(6.2) £<f =► tta(/|0 < n A (f\i). 
Next, there follow the GKS inequalities, Theorem 6.2 in 0|. 

Proposition 6.2. Let the self-interaction potential have the form 

(6.3) Vt(x) = v t {x 2 ) - h £ x, he>0 for all £ € L, 

with ve being continuous. Let also the continuous functions f\ , . . . , f n +m : R ^ R 
be polynomially bounded and such that every fi is either an odd increasing function 
on R or an even positive function, increasing on [0, +oo). Then the following 
inequalities hold for all ri, . . . , r n+m £ [0, 0\, and all l\, . . . , £ n + m £ A, 

(6-4) (f[fi(uti(Ti)^J 7r A (du;|0) > 0; 

„ / n \ / n+m \ 

(6-5) / [HfiMn)) - II M U M) ( dw l°) 




\i— n+1 



n \ /* / n + m \ 

i=l / \i=n+l / 



7r A (dw|0). 
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Given £ £ (]', A g L, and £,£', t,t' £ [0,(3], the pair correlation function is 

(6.6) K^,{t,t'\0 = f ut(T)ut,(/)n A (Mt) 

w^(r)7rA(d£j|£) • / ui£> (t' ) 7Ta (dw | £) . 

Then, by fT2J>, 

(6.7) X^(r,r'|O>0, 

which holds for all ^, r, r', and £ G i?'. The following result is a version of the 
estimate (12.129), page 254 of [23, which for the Euclidean Gibbs measures may 
be proven by means of the lattice approximation. 

Proposition 6.3. Let Vp be of the form with hp = and the functions vp 

being convex. Then for all I, I' , r, t' and for any £ € O such that £ > 0, it follows 
that 

(6.8) K^(t,t'\0<K^(t,t'\0). 
Let us consider 

(6.9) J7^ 2 ^ 4 (n,T2,T3,T 4 ) = / cj £l (Ti)cj £2 (r 2 )cj £ 3(r 3 )cj £4 (r4)7rA(dw|0) 

J a 

-Kf ll2 (n,T 2 \0)Kt 3li (T 3 , r 4 |0) - ( Tll r 3 |0)^ A 2£4 (r 2 , r 4 |0) 

-< £4 (r 1 ,r 4 |0)<, 3 (r 2 ,T 3 |0), 

which is the Ursell function for the measure 7Ta(-|0). The next statement gives the 
Gaussian domination and Lebowitz inequalities, see 0]. 

Proposition 6.4. Let Vp be of the form $6. Hp with hp = and the functions vp 
being convex. Then for all n € N, i\ , . . . , £ 2n € A (§ L, ri , . . . , r 2n € [0, /3] , it follows 
that 

u>p 1 (ti)up 2 (t 2 ) ■ ■ ■ W£ 2 „(T 2n )7TA(da;|0) 



( 6 - 10 ) -XIII/ W ^(2 J -l)( T ( T(2i-l))^ ( 2 3 )( r <T(2j))7rA(dw|0), 

where the sum runs through the set of all partitions of {I, ... , 2n} onto unordered 
pairs. Ln particular, 

(6-11) U£ i2i3ii (T U T 2 ,T 3 ,T 4 )<0. 

6.2. Proof of Theorem Ell Given £ and b > 0, let = (^°)£ G l be the 
following constant (with respect to r € S^) configuration 

(6.12) ^(r) = [b\og(l + \£-£ \)} 1 ^. 

Proof of Theorem 13.51 The existence and uniqueness of /x± can be proven by 
literal repetition of the arguments used in ^7] to proving Theorem IV. 3. These 
measures are extreme, see the proof of Proposition V.l in 17 j. Now let us show 
how to construct n±. Fix a £ (0,1/2) and b obeying the condition b > d/X a 
(see the proof of Theorem 13.3(1 . In view of l(2.33|l . for any £q, £ e ° belongs to Q t . 
It also belongs to S(£o,b, a) and for all £ £ S(b,a), one finds A g L such that 
< £,£°( T ) for all t £ [0,/3] and £ £ A c . Therefore, for any cofinal sequence 
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C and £ £ S(b,a), one finds A £ £ such that for all A € £, A C A, one has 
7ta("|£) < 7ta (• ) • As was established in the proof of Thcorcm l3.il every sequence 
{ttaC'IOIagc, £ G Z(b, cr) C i?', is relatively compact in any yV Q , a £ X, which by 
Lemmas 14.41 14 .5| yields its W t -relative compactness. For a cofinal sequence £, let 
H ° be any of the accumulating points of {7Ta(-|£ °)}aec- By Lemma \2. Ill //" e (?* 
and by Lemma |5. 21 t/° dominates every element of ex(Q t ). Hence, fi = since 
the maximal element is unique. The same is true for the remaining accumulation 
points of {tta('\£,)}aec] thus, for every cofinal sequence £ and for every £q, we have 



(6.13) lim7r A (-|C £o )-M+ 



c 



As the configuration l|6.12[l is constant with respect to r £ Sp, the kernel tta('\£ ) 
may be considered as the one 7T"a( - |0) corresponding to the Schrodinger operator 
(|2.11(l with an additional site-dependent 'external field', i.e., to the operator 



J>,-[61og(l + |^-4|)] 1/2 . 

Then the Matsubara functions have the property (|2.61|l , which yields by l|6.13[l the 
same property for the functions . Analogously, one sets /i- = lim£ ir\ (• | — £ ) £ 
ex((7*) and proves its shift invariance. The remaining properties can be established 
by repetition of the arguments used in |17j to prove Proposition V.3. □. 

Lemma 6.5. The set is a singleton if and only if 

(6.14) [ oj e (0)fi + (duj)= [ cj*(0)/x_(dw), for any £. 
J a Jn 

Proof. Since the measures fj,± are shift invariant, we have 

(6.15) / uj e {T)fi ± (duj) = / w £ (0)M±(dcj), for all r€[0,/3]. 
Jn Jn 

Certainly, (|6.14() holds if \Q*"\ = 1. Let us prove the converse. One observes that 
each local bounded continuous function on Q may be written as 

with certain n £ N, i\, . . . , £ n £ L, n, . . . ,r n £ [0,0], and / £ Cb(M n ). Obviously, 
the set of all local bounded continuous functions is a defining class for V(fi t ). Thus, 
the proof will be done if we show that all finite-dimensional projections 

ti,...,t„;± def 
V l\,.,.,l n ~ u n;±, 

of the measures /i± coincide whenever 14|> holds. Hence, we have to prove that 
v\ ;+ = V\ - implies u n . + = for all n £ N. To this end we consider the 

Wasserstein distance between the pairs u n -± 

(6.16) R [v n<+ , !/ n _] =inf / \x - x'\P(dx,dx'), 

where the infimum is taken over the set n^"-* of all probability measures on 
(R 2n , B(M 2n )) which marginal distributions are v n ,±, see El- The relation (|6.2|l 
defines an order on 7 5 (i? t ) and hence on T'(R n ). In this sense is dominated 
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by its counterpart. Then by Strassen's theorem (Theorem 2.4 in [SI]), there exists 
P G Il { ± n) such that 

P({(x,x') g K 2 ™ I x > x'}) = 1. 

Thereby, 

R[v n ,+iV n ,-] < / \x - x'\P(dx,dx'), 



n „ 

< V / a;W[i/ n , + (dx) -i/ n ,_ (da;)] 



i=l 
n 

1=1 



x Wi +{& x ) — vi-{dx) 



which completes the proof. □ 
Theorem 13.51 and the lemma just proven have the following 

Corollary 6.6. IfVi{x) = Vi{— x) for all I, the set Q l is a singleton if and only if 
H + (wi(0)) = for alii. 

6.3. Reference models. We shall prove Theorems 13.61 13.71 by comparing our 
model with two reference models, defined as follows. Let J and V be the same 
as in (|3.10|) and (|3.11|) respectively. For A <g L, wc set (c.f., (12.11^ 

(6.17) H l r = [H l r + V(x t )] ~\Ys Je «'W' 

£GA £,£'eA 

where Hf al is given by (|2.5(l and e«/ = 1 if \l — l'\ = 1 and ew — otherwise. 
Next, for A is L, we set 

(6.18) Hl pp = J2 [H'r + Hrf)} - l -Y, J "' W = 12 6 < - \Y, Jwxtxtf , 

eeA t,£> £eA i,v 

where Hi is defined by (|3.19() and the interaction intensities Ju< are the same as in 
(|2.11|l . Since both these models are particular cases of the model we consider, their 
sets of Euclidean Gibbs measures have the properties established by Theorems 13.11 
- 13.51 By /j}± w , A t ± pp we denote the corresponding extreme elements. 

Remark 6.7. The self-interaction potentials of both reference models have the form 
(16.31) with the zero external field hi — and the functions vi being convex. Hence, 
they obey the conditions of all the statements of subsection l6.ll The iow-reference 
model is translation invariant. The upp-reference model is translation invariant if 
Jui are invariant with respect to the translations of C. 

Lemma 6.8. For every I, it follows that 

(6.19) mTM )) < M+MO)) < M+ PP M0))- 
Proof. By (|6.13|) we have that for any C, 

(6.20) / uji(t)h ± {6uj) =lim / w^(r)7r A (dw| ±^°), for all r G [O,0\ . 
Jn c J q 

Thus, the proof will be done if we show that for all A <g L and I G A, 

up 
r A 



(6.21) ^ MOM" ) < 7ta(^(0)|^) < 7r A pp (^(0)|^°), 



:S2 



YURI KOZITSKY AND TATIANA PASUREK 



where ir 1 ™ , 7r^ pp are the kernels for the reference models. First we prove the 
left-hand inequality in (|6.21(l . For given A <s L and t, s € [0, 1], we introduce 

(6.22) m { l s) (duj A ) = — — exp I i ^ Jew(u>e, ut>) L * + ^{vt, ^°' S )i| 

^ ' ' y «,i'eA 

[P s 
~ H / V{ui{t))6t + - ^2 I J "' _ Je "'] {ui,uv) L 3 

(c A *' (I'c* 



-tV/ [Vi(w/(r)) - VMr))]dr j x A (du;A), 
where, see l|6.12|l . 

(6.23) 4" s (r) ^ Yl Je u ,$(r) 

+ s \ J w ~ Je «'] #M > Y Je&$(T) > 0, 
reA c 

which in fact is independent of r, and 
Y(t,s) 



"^ 2a y «,^'eA £eA 

teA-* t,£'£A 
- *Z! / MM r )) - ^Mt))] dr j XA(d^ A ). 



Since the site-dependent 'external field' (|6.23|l is positive, the moments of the mea- 
sure (|6.22|l obey the GKS inequalities. Therefore, for any I G A, the function 

(6.24) <KM)=^i t,s Wo)), Me [0,1], 

is continuous and increasing in both variables. Indeed, taking into account p.lOfl . 
(EH]}, and ipni)l . we get 

J^(M) = E [ J "'- Je «']^°(°) 



£'GA 

r/ 3 



[w^ N(0)^(r)] - 4 M) [^(0)] • n7 A M) [w*(r)]} dr 



,(*■«) 



w/(0)] 



<XM) 



(w fl ,^ 2 ) L 2 | > 0, 

£ M0) • [V(^(r)) - V t ,(Mr))]) 

'u t (0)] ■ ™ A S) WMt)) - V t ,(ut.(T))]} dr > 0. 



6 A 
(*,*) 
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But by @22) and pTIHj) 

0(0, 0) = TrjTMO)), 0(1, 1) = ttaMO)), 

which proves the left-hand inequality in Ij6.21|l . To prove the right-hand one we 
have to take the measure ()6.22|) with s = 1 and v{xf) instead of V{x£) and repeat 
the above steps taking into account H3.18JI . Q 

Corollary 6.9 (Comparison Criterion). The model considered undergoes a phase 
transition if the low -reference model does so. The uniqueness of tempered Euclidean 
Gibbs measures of the upp-reference model implies that \Q t \ = 1. 

6.4. Estimates for pair correlation functions. For A C A, £, £' £ A, r, t' £ 

[0,(3], and t £ [0, 1], let us consider 

(6.25) Qf l ,(T > T'\A ) t)= [ ^(tVHtVa^^a), 
where this time we have set 

(6.26) w$ A {du A ) = — 



M ' { ii,e 2 £A\A 



-^2 l ^(^( r )) dr j XA(dw A ), 

f GA J 
+' ^ X! JtitaiVinVi^Ll + g X! -^1^(^1)^2)1-1 J 

yieA£ 2 eA\A «i,< 2 eA y 

/V £ (^(T))drU A (d WA ). 
^ eA " J 

By literal repetition of the arguments used for proving Lemma 16.81 one proves the 
following 

Proposition 6.10. The above Qf e ,(r, t'|A, t) is an increasing continuous function 
oft £[0,1]. 

Corollary 6.11. Let the conditions of Provosition Wlh be satisfied. Then for any 
pair A C A' (e L and for all r and £/ie functions \b\ ty) obey the estimate 

(6.27) kUt,t'[0)<K^(t,t'[0), 
which holds for all I, £' £ A and r, r' G [0, 0] . 

Now we obtain bounds for the correlation functions of the reference models for a 
one-point A = {£}. Set 

(6.28) K^ p (t, t') = < pp MtV,(t')|0), K l r{r, r') = 4° w Mt)^(t')|0), 
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Both these functions are independent of i. We recall that the parameter A was 
defined by j3~271)l . 

Lemma 6.12. For every [3, it follows that 

(6.29) K* pp d = [ K% pp (T,T')dT<l/mA 2 . 

Jo 

Proof. In view of Ij2.61|) the above integral in independent of r. By H2.60|l and 



(6.30) K^ pp = I- f 3 trace \x e e- T6i x e e-^- T ^}dT, Z e = ixuce[e- p6t ], 
Ze Jo J 

where the Schrodinger operator H was defined in 1|3.19|1 . Its spectrum {E n } n& f 
determines by H3.20[l the parameter A. Integrating in H6.30|) we get 

|2 (E n - E n ,)(e-^' - e-^») 



K" PP = -J ^ \(lpn,Xl1p n ,) L 

l l 



{E n -E n ,y 



- |(V>n,^n'k=(R)| (En - E n ,)(e- fiE »' - e"^") 



(6.31) 



z# ^ 2 — 
1 1 
I 



_L 1 trace {[a*, 



J mZ\ 



where n € No are the eigcnfunctions of and [■, •] stands for commutator. □ 

For the functions K l e ° w , a representation like 16.3L)fl is obtained by means of the 
following Schrodinger operator 

(6.32) H e = + V(x t ) =~ (J^j + \x\ + V(x t ), 
where m and a are the same as in (|3.19|) but V is given by (|3.11|) . Thereby, 

(6.33) /^ ow (0,0) = traced exp(-/3ff £ )]/trace[exp(-/3iJ £ )] d = g(xj). 
Lemma 6.13. Let t* be the solution of ifQ3J) . Then K] ow (0,0) > i*. 
Proof. By Bogoliubov's inequality (see e.g., [73]), it follows that 



Ql (\pt, [Hi, pi]] ) '_i 0. pi 
which by (|3~TT|) . dUU yields 



x -l 



2(«-i) 



a + 2fe (1 ) +^]2s(2s- l)fe< s )g 

s=2 

r 

= a + 26^) + 2s ( 2s - l)b {s) n\ ow (u^(0)) 2(s ~ 1] 



> 0. 



Now we use the Gaussian domination inequality l|fi.l()|l and obtain K l e ow > t*. □ 
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6.5. Proof of Theorem 13.61 In view of Corollary 16. 91 we show that 

(6.34) mTMO)) > 0, 

if the conditions of Theorem 13 . 61 are satisfied. Note that the left-hand side of i 
is independent of I as the measure is translation invariant. The proof of l|6.34|l will 
be based on 02] ; see also Theorem 8.1 in [2]. Here the translation invariance and 
reflection positivity of the reference model are used to show that for (3 > /3* the set 
of its Euclidean Gibbs measures contains a nonergodic element with respect to the 
group of translations of L. This gives non- uniqueness and hence (|6.34|) . To follow 
this line we construct periodic Euclidean Gibbs states by ntroducing (c.f., (|2.21|) 1 

j r0 

(6.35) /fW-jE^K^+E V(Mr))dr, 

where 

(6.36) A= (-L,L] d f]h, LeN, 

and 4, = 1 if \l - I' | A = 1 and = otherwise. Here \£ - t'\ K = [\l x - + 
• ' ' + \td-W 1/2 and \lj-q\L = min{\£ j -I'j^L- {Ij-l'j]}, j = l,...,d. Clearly 
7 A er is invariant with respect to the translations of the torus which one obtains 
by identifying the opposite walls of the box Ij6.36|) . The energy functional I^ CI 
corresponds to the following periodic Schrodinger operator 

(6.37) HF 1 = £ [H\™ + V(x e )] - J - £ 4, W , 

£SA £,l'eA 

in the same sense as I a given by (|2.21l) corresponds to H\ given by (|2.11|) . Now 
we introduce the periodic kernels (c.f., 12.4411 ) 

(6.38) 7r p A cr (B) = / exp [-/fK)] l B (w A x A c) XA (d^ A ), B £ B(f2), 

Z A J(i 

Z T T = / ex P[- / A° r ( u; A)]XA(dwA)- 

Thereby, for every box A, the above is a probability measure on i?*. By £t>ox 
we denote the sequence of boxes l|6.36|l indexed by L £ N. For a given a £ X, let 
us choose k > such that the estimate l|4.13[l holds. 

Lemma 6.14. For every box A, a £ T, and a £ (0, 1/2), the measure 7r A el obeys 
the estimate 

(6.39) J Ml^ridio) < qopj 

Thereby, the sequence {i" A er }Ae£ b ox * s V^* 1 -relatively compact. 

Proof. For £ £ A such that {£' £ L | \ = 1} C A, we set A e = L\ {£}. Then let 

yf be the projection of 7r^ cr onto Z?(J?A f )- Let also ^(-|£)j £ G ^ be the following 
probability measure on the single-spin space = Cp 

(6.40) ^(dw £ |£) = j^-^ exp j j]T\«,(i^,^)l| - J V r (a; £ (r))dr| x(dw^). 

Then (c.f., (|2.46(l ) desintegrating 7r A ° r we get 

(6.41) 7r^ cr (d[j) = v e (du)e\LL)Ai)i'e(duAi)- 
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As in Lemma T4. II and Corollary 14 . 21 one proves that the measure vt{-\C) obeys 

J exp {Ao-I^I^ + x\uji\ 2 l -2^ vi{<kJi\u£i. t ) < exp -&J | > 

where A CT , x, and •& are as in (|4.1I) . I)4.4|) . Now we integrate both sides of this 
inequality with respect to vf and get, c.f., i|4.12[) . (|4.13|) 

Then the estimate l|6.39l) is obtained in the same way as (|4.16|) was proven. The 
relative W Q -compactness of {7r A cr }Ae,c pcr follows from H6.39[l and the compactness 
of the embeddings Q a ,a >■ ^a', ot < oi . The W'-compactness is a consequence of 
by Lemma E31 □ 

Lemma 6.15. Every W* -accumulation point /i per of the sequence {vta }Ae£p 0r * s 
a Euclidean Gibbs measure of the low -reference model. 

Proof. Let C C £ pCT be the subsequence along which {7r A cr }AGC converges to ^ pcr £ 
7'(J7 t ). Then {i^}as£ converges to the projection of /i per on B(Q& t ). Employing 
the Feller property (Lemma I2.9JI we pass in Ij6.41|l to the limit along this C and 
apply both its sides to a function / £ Cb (/?*). This yields that /x por has the same 
one-point conditional distributions as the Euclidean Gibbs measures of the reference 
model. But according to Theorem 1.33 of [22], page 23, every Gibbs measure is 
uniquely defined by its conditional distributions corresponding to one-point sets 
A = {£} only. □ 

Now we are at a position to prove that l|6.34|l holds if f3 > /?». As the low- 
reference model is translation invariant, in the case of uniqueness the unique element 
of the set of its Euclidean Gibbs states should be ergodic. Periodic states, which 
one obtains as accumulation points of the sequence {flA^A&CboxJ are automatically 
translation invariant but they can be nonergodic. By the von Neumann ergodic 
theorem (page 244 of [73]), periodic Euclidean Gibbs states are nonergodic if 

(6.42) lim inf P A ((3) d = P(f3) > 0, 

£box 

where 

/ \ 2 

1 



(0.4.-! ) P A (fl)= I [ _^(0)j nr(dcu) 



E< 

teA J 

Lemma 6.16. Let the assumptions of Theorem AH.fft be satisfied and (3* be the solu- 
tion of Then for (3 > /3* the order parameter P(f3) is positive. 

Proof. Here we mainly follow 03], see also Theorem 8.1 in [3]. By means of the 
infrared estimates one obtains (see equation (8.13) in 0]) that for every box A 

(6.44) P(/3) > f M0)] 2 7r A cr (d W ) 

-y^yij d l2™JE(p)}- 1/2 coth (j3^JE(jp)/2m) dp, 

where the function E{p) is given by (|3.15l) whereas m and J are as in l|3.17[) . 
Therefore, we have to find an appropriate bound for the first term in (|6.44|) . For 
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any i, one can take the box A such that the Euclidean distance from this i to A c 
be greater than 1. Then by Corollary 16.111 and Lemma f6. 131 one gets 

M0)] 2 7rP° r (<M >^ ow (0,0) >u. 

Hence, for /3 > /3*, the right-hand side of l|6.44ll is positive. □ 



Proof of Theorem 13.61 By the latter lemma the periodic state of the low- 
reference model is nonerg odic at /3 > /?» yielding l|fl~5Ij) .D 

6.6. Proof of Theorem l3.71 By Corollarv l6.9l it is enough to prove the uniqueness 
for the upp- reference model, which by Lemma 16.51 is equivalent to 

(6.45) ^+ pp (c^(0)) = 0, for all (3 > and £. 

Given A g L, we introduce the matrix (T^,)^/ 6 l as follows. We set T A t , = if 
either of I, £' belongs to A c . For £, £' e A, 

(6.46) T A = J ^ /^7 P K(t)^(t') |0] dr'. 
By ()2.61(l the above integral is independent of r. 

Lemma 6.17. If 1^3.21)) is satisfied, there exists a € X, such that for every AgL, 
the matrix (T^,)^' e £, defines a bounded operator in the Banach space l°°(w a ). 

Proof. The proof will be based on a generalization of the method used in [5] for 
proving Lemma 4.7. For t € [0,1], let zof € V(Oa)) be defined by ^l^i with 
A = A and each V^(w^(r)) replaced by v([uig (t)] 2 ), where the latter function is the 
same as in (|3~T§|) . Then by l{6~T%j) 

(6.47) wf = J] < pp (-|0), = < pp (-|0), for any A <s L. 

£gA 

Thereby, we set 

(6.48) T A (t) = V J Ul / ™f [u tl (r)w* (r')] dr' * e [0, 1] . 

One can show that for every fixed the above T$,(t) are differentiable on the 
interval t £ (0, 1) and continuous at its endpoints where (see l|6.29ll ) 

(6.49) T A (0) = Jet>K*? p < J u ,/mA 2 , T A (l) = T A . 
Computing the derivative we get 



d 



(6.50) fT e A e ,(t) = \ E JuJt*h f f ' Uh, tata (t,T,7 J ,Tl,T l )dT J dT 1 

ii 

where U^, e e (t, r, t 1 , n, ri) is the Ursell function which obeys the estimate (|6.11(l 
since the function v is convex. Hence, except for the trivial case Jw = 0, the first 
term in (|6.50(l is strictly negative. Bearing in mind Ij3.21jl let us show that there 
exists a El such that 

(6.51) J < J a < mA 2 . 
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Here the cases of Jw obeying l|2.29|) and the power-like decaying Jw should be 
considered separately. In the first case we have 1 — (0, a) and the above a exist in 
view of 

(6.52) lim J a = Jo, 

which readily follows from l|2.29|l , (|2.3U|) . In the second case the weights are denned 
by l|2.32[l with a positive e, which we are going to use to ensure (|6.51|l . To indicate 
the dependence of J Q on e we write J^' ■ Simple calculations yield 

< J ( a e) - J < eadJ^. 

Thereby, we fix a € X and choose e to obey e < mA 2 /adJ^ . This yields (|6.51() . 
Let us consider the following Cauchy problem 

(6.53) ^-L a ,(t)=J2LaAt)Lt. lf >(t), Lw(0)=XJw, </eL, 

where A € (1/mA 2 , 1/ J Q ), with a £ 1 chosen to obey (I6.51|) . For such a, one can 
solve the problem H6.53[) in the space l°°(w a ) (see Remark |2.6|) and obtain 

(6.54) L(t)=XJ[I-XtJ}-\ ||£(t)||,~ (u , o) < ' U ' 



1 - At J a 

where I is the identity operator. Now let us compare l|6.50|l and l|6.53[) considering 
the former expression as a differential equation subject to the initial condition 
(|6.49J) . Since the first term in l|6.50J) is negative, one can apply Theorem V, page 
65 of J2] and obtain T w < Lw(l), which in view of Ij6.54|) yields the proof. □ 

Proof of Theorem 13.71 For £, £ , A <s L, such that £ € A, and t € [0, 1], we set 

(6.55) VaW = / c^(0K PP (dc^ ), 



where is the same as in (|6.12|) . The function is obviously differentiable on 
the interval t £ (—1, 1) and continuous at its endpoints. Then 

(6.56) < ^a(I) < sup ip' A (t). 

te[o,i] 

The derivative is 

(6.57) </4(*) = E J Ux f nl PP [u> ei (0)"MH e °]vt 2 <lT, 

1 /2 

where the 'external field' rj£i = [61og(l + \£ — £o|)J is positive at each site. Thus, 
we may use (|6.8f) and obtain 

(6.58) i>' A {t) < £ Ttw. 

i'eA c 

By Assumption 12.51 fb). r\ € l°°(w a ) with any a > 0, then employing Lemma fo. 171 
the estimate (I6.54f) in particular, we conclude that the right-hand side of 
tends to zero as A / L, which by (|6~2U|) and $£55$ , (|6~5fi|) yields [jOSjl . □ 
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7. Uniqueness at Nonzero External Field 



In statistical mechanics phase transitions may be associated with nonanalyticity 
of thermodynamic characteristics considered as functions of the external field h. 
In special cases one can oversee at which values of h this nonanaliticity can occur. 
The Lee- Yang theorem states that the only such value is ft. = 0; hence, no phase 
transitions can occur at nonzero h. In the theory of classical lattice models these 
arguments were applied in |52l 1581 154*] . We refer also to sections 4.5, 4.6 in j^H] and 
sections IX. 3 - IX. 5 in I71| where applications of such arguments in quantum field 
theory and classical statistical mechanics are discussed. 

In the case of lattice models with the single-spin space R the validity of the 
Lee- Yang theorem depends on the properties of the self-interaction potentials. For 
the polynomials V(x) — x 4 + ax 2 , a e R, the Lee- Yang theorem holds, see e.g., 
Theorem IX. 15 on page 342 in |71| . But no other examples of this kind were 
known, see the discussion on page 71 in |33| . Below we give a sufficient condition 
for self-interaction potentials to have the corresponding property and discuss some 
examples. Here we use the family J-Lagucnc defined by (|3.23(l . We also prove a 
number of lemmas, which allow us to employ the arguments based on the Lee- Yang 
theorem to our quantum model and hence to prove Theorem 13.81 

7.1. The Lee- Yang property. Recall that the elements of ^Laguerre can be con- 
tinued to entire functions (p : C — > C, which have no zeros outside of (— oo, 0]. 

Definition 7.1. A probability measure v on the real line is said to have the Lee- 
Yang property if there exists tp € ^Laguerre such that 



In |46|. see also Theorem 2.3 in jSU], the following fact was proven. 

Proposition 7.2. Let the function u : R — > R be such that for a certain b > 0, its 
derivative obeys the condition b + u' € ^Laguerro- Then the probability measure 



has the Lee- Yang property. 

This statement gives a sufficient condition, the lack of which was mentioned on 
page 71 of the book """""{]. The example of a polynomial given there for which 
the corresponding classical models undergo phase transitions at nonzero h, in our 
notations is u(t) — i 3 — 2t 2 + (a + l)t, a > 0. It certainly does not meet the condition 
of Proposition 17. 21 Turning to the model described by Theorem 13.81 we note that, 
for v(t) = t 3 + b^H 2 + b^H, the function u(t) = v(t) + at/2 obeys the conditions 
of Proposition O if and only if b^ > and + a/2 < [M 2 )] 2 /3. Therefore, 
according to Theorem EH we have = 1 at h ^ and 26 (1) + a < 0, 6 (2) > 0. 
On the other hand, for this model, by Theorem 13.61 one has a phase transition at 
h = and the same coefficients of v. 




(7.1) 



u(dy) = C exp[~u(y 2 )]dy, 



Set 



(7.2) 




By Theorem 3.2 of we have the following 
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Proposition 7.3. If in \7J$ M tJ > for all i,j = 1, . . . , n, and the measure v is 
as in Proposition \7. S\ then the function f, if exists, belongs to ^-Laguerre- It certainly 
exists if u' is not constant. 

Now let the potential V obey the conditions of Theorem 13.81 Then the partition 
function Z A (0) (here means £ = 0) given by (|2.42[1 is an even function of h. Define 

(7.3) p A (h) = -L log Z A (0), Mh 2 )=PA(h). 

Lemma 7.4. IfV obeys the conditions of Theorem \3.8l the function exp (|A|<^a) 

belongs to .^Laguerre ■ 

Proof. With the help of the lattice approximation technique the function exp (| A|y A ) 
may be approximated by /at, N € N, having the form (|7.2|l with the measures v 
having of the form (|7.1|l with u(t) = v(t) + at/2, v is as in <|3.24[1 . and non- negative 
Mij (see Theorem 5.2 in g]). For every h € M, /at(/i 2 ) — > exp (|A|^ A (/i 2 )) as 
A" — > +oo. The entire functions /at are ridge, with the ridge [0, +oo). For se- 
quences of such functions, their point-wise convergence on the ridge implies via the 
Vitali theorem (see e.g., [7T]) the uniform convergence on compact subsets of C, 
which yields the property stated (for more details, see (4TI 15 □ 

7.2. Existence of pressure. The results obtained in this subsection are valid for 
any translation invariant model with v — 1 , obeying Assumption 12.21 and hence 
possessing the properties described by Theorems 13. II - I3~4l 
Along with (|7.3|l we introduce 

(7.4) PA(ft,0 = rn 1 °g z A(0. Sefl'- 

Then p\(h) = p\{h, 0). For fx £ Q t , we set 

(7-5) pt(h)= [ pA(h,£)nW). 

If for a cofinal sequence C, the limit 

(7.6) p»(h) ^ MmpKh), 

exists, we shall call it pressure in the Gibbs state /i. We shall also consider 
lini£PA(^) with f> A (/i) given by l|7.3|l . To obtain such limits we impose certain 
conditions on the sequences C. Given I = (lx, . . . V = (l[, . . . l' d ) € L = 7L d , such 
that lj < lj for all j = 1 , . . . , d, we set 

(7.7) r = {l6L|l i <lj< l'j, for all j = 1, . . . , d}. 

For this parallelepiped, let (3(r) be the family of all pair- wise disjoint translates of 
r which covers L. Then for A <s L, we set A_(A|r) (respectively, Af+(A|r)) to be 
the number of the elements of ®(r) which are contained in A (respectively, which 
have non- void intersections with A). Then we introduce the following (see |67|) 

Definition 7.5. Given £ is a van Hove sequence if for every T, 

(7.8) (a) limAT_(A|r) = +00; (b) lim (JV_(A|r)/JV+(A|r)) = 1. 
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Given R > and AdL, let d^A be the set of all £ G A c , such that dist(£, A) < R. 
Then for a van Hove sequence C and any R > 0, one has lim^ |<9^A|/|A| = 0, 
yielding 

(7.9) hm-L £ J«, = 0. 

1 1 £eA/'GA c 

The existence of van Hove sequences means amenability of the graph (L, E), E 
being the set of all pairs I, such that \£ — £'\ = 1. For nonamenable graphs, phase 
transitions with h ^ are possible; hence, statements like Theorem l3.8l do not hold, 
see Now we are at a position to prove the existence of the pressure for all 

/it?'. It will be done in two subsequent lemmas. 

Lemma 7.6. The limiting pressure p(h) = limcp A (h) exists for every van Hove 
sequence C. It is independent of the particular choice of C. 

Proof. For t > 0, £ € and A C A, let m A ^ A , Ya,a(*) be defined by (|TO()|) with 
the potentials Vi — V having the form (|3.24|) . Then we define 

(7.10) f AA (t) = JL io g y A , A (i), t > o. 

This function is diffcrcntiable and 

(7.11) 3a,a(*) d = / a ,a(*) = ^rn ^'^aK^^')^] 

' ' eeA4'eA\A 

Here we used that w^ aa [(uji, uj£i) L 2 ] > 0, which follows from the GKS inequality 
(|(j.4|l . The function <7a,a is also differentiable and 

(7-12) g' AtA (t) > 0, 

which may be proven similarly by means of the GKS inequality l|6.5|) . Therefore, 

(7.13) / a> a(0) < /a,a(1) < 9a,a(1)- 

Now we take here A = A and obtain by l|4.15|l that for any a G T, 

(7-14) logF w , w (0) < PA (h) < J C£TgO)/2. 

By the translation invariance the lower bound in 17.1411 is independent of £. There- 
fore, the set {pA(/i)}AgL has accumulation points. For one of them, p(h), let 
{r n }„ e jj be the sequence of parallelepipeds such that pr n (h) — > p{h) as n — > +oo. 
Let also £ be a van Hove sequence. Given n G N and A G £, let £^(A) C C5(r„) 
(respectively, £it(A) C 0(r„)) consist of the translates of T n which are contained 
in A (respectively, which have non-void intersections with A). Let also 

(7.15) A±= (Jr. 

Now we take in (l7~iTi|) first A = A~, then A = A, A = A+ and obtain by (|7~T3|) 
(7-16) ^a-(^) <Pa(*0 < ^A+W- 
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Let us estimate p A ±(h) — pr n {h). To this end we introduce for t > 0, c.f., Ij6.26|l . 
( 7 - 17 ) X A-(t) = f ex P £ J u>(»>t,we)i% 

+ t ^ £ £ J U'(ui,UI')l* 

+ £ j\hu l {T)-v{[u l {r)Y)}dr\ X ^du J ), 



and 



(7-18) f A -(t) = —logX A -(t). 

Then 

(7.19) / A -(l) =p A -(h), / A -(0) = jp[ £ PrM =PTnW- 

Observe that pr{h) = Pr n (h) for all T S 0(r„) follows from the translation invari- 
ance of the model. Thereby, 

(7.20) < p A -(h)-pr n (h)<f' A -(l) 

= l7=T £ £ £ Ju ' n ^ ((ut,ur) L %\0 

- |T=T £ £ £ J "'^ ((^»^')i||0) 

< j(r n )to<o), 

where we used the estimate (|4.15|l and set 

(7.21) J(r„) = ^ £ £ Ju> = 4 £ £ for every T e «(T B ). 

In deriving (|7.2U|) we took into account that the function (|7.18|) has positive first 
and second derivatives, c.f., I|7.11|l and l|7.12|l . By literal repetition one proves that 
(I7.2U|I holds also for p A + (h) — pr„ (h). In view of (|7.9|) the above J(T n ) may be made 
arbitrarily small by taking big enough T n . Thereby, for any e > 0, one can choose 
neN such that the following estimates hold (recall that pr n — > p as n — > +oo) 

(7.22) \p Vn (h)-p(h)\<s/3, < p A - (h) - p Fn (h) < p A + (h) - p Fn (h) < e/3. 
As £ is a van Hove sequence, one can pick up A G C such that 

(!w PAt(h); i 1 ~ W) PAt {h) ) < eA 

which is possible in view of (|7.14(l . Then for the chosen n and Ag£, one has 
|PA (h)-p(h)\< \p Tn (h)-p(h)\+p A +(h)- PFn (h) 



max 
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which obviously holds also for all A' € £ such that Ac A'. 



□ 



Lemma 7.7. For every fi € Q l and any van Hove sequence C, 

limp^/i) =p(h). 

Proof. By the Jensen inequality one obtains for ti , £2 G K, £ G Q t , 



eeA,£'eA" 



We set here first t\ = 0, t 2 — I, then ii 
logarithm and dividing by |A| 



-<2 = 1, and obtain after taking 



(7.23) p A (h) + 



1 

W\ 



^2 Ju'^a (^,6')z-ll° \<PA{h,£) 



eeA.i'eA" 



<p A (h) + jj^ -hi'VA {ui,uv)li\£ 



eeAj'eAc 



where we used that ir\ 



7TA 



(ut,&h*M > see <E3i- Thereby, we 



integrate H7.23(l with respect to fx G 0*, take into account l|2.51|l . and obtain after 
some calculations the following 

(7.24) PA (h) - i- ^a(N^|0)a*(|^U»)<p{v 



By means of Theorem l3 .21 (respectively. Lemma l4.4|l . one estimates /1 ^(w^, ^Ol^ ) > 

A*(J&'Il|) (respectively, 7ta(|^| £ 2 |0)) by positive constants independent of £,£'. 
Thereby, the property stated follows from (|7.9|l and Lemma 171)1 □ 

7.3. Proof of Theorem 13.81 By Lemma 17.41 for every A <<= L, pa(It) can be 
extended to a function of h € C, holomorphic in the right and left open half-planes. 
By standard arguments, see e.g., Lemma 39, page 34 of |47|. and Lemma [7.61 it 
follows that the limit of such extensions p(h) is holomorphic in certain subsets 
of those half- planes containing the real line, except possibly for the point h = 0. 
Therefore, p(h) is differentiable at each h 7^ 0. This yields by Lemma \7. 71 that for 
every /j, G Q t , the corresponding p^Qi) enjoys this property and the derivatives of 
all these functions coincide at every h =/= 0. In particular, 



(7.25) 
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For every [i £ Q t and AgL, one has 

(7.26) JLft(h) = J JLtftfaOrtdt) 

= mE / / TAN(r)|e]M(dOdr 
\ A \ eeA Jo Jn 

1 f p 
= mil / MN(r)]dr 

Both extreme measures fi± are translation and shift invariant. Then combining 
(I7.25|l and l|7.26[l one obtains (j,+ (u>£,(G)) = fi-(uji(0)) for any h ^ 0. By Lemma I5~51 
this gives the proof. □ 
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